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Abstract.
Supposeg;be a nonconstant analytic self-map of the open unit disk inC,
withY[| ;]| < 1. Regardthe operatorsD,, , acting on the Hardy space H?given by
differentiation followed by composition with ¢;. Mahsa Fatehi and Christopher N. B.
Hammond. Obtain resultsrelating to the adjoint, norm, and spectrum of such an
operator.
Key words: Operator, Differentiation, Hardy Space, analytic functions, composition—
differentiation, open unit disk
1. Preliminaries
Supposeld denote the open unit disk in the complex plane. The Hardy space H? isthe
Hilbert space consisting of every analytic function Y. f;(z) = Z;‘{;(,Za{; z"on D
suchthat
;2
ElAl = Selal | <o
For ¥ f;(2) = Ym0 X aj z™and ¥ g7 (2) = Xi-o X by, z™in H?, their inner product is
defined
Y(f;,97) = Zn=o X an by,
Write H*to denote the space of every bounded analytic function on D,
Wich”fj”oo = sup{2|fj(z)| 1Z € lD)}.
For an analytic map ¢;: D — D, the composition operatorsC, are defined
C‘Pj(fj) = f] °Pj-

Every composition operators are bounded on H?, with 3, Lo, O]

1-|e (o)Z —Z”C‘PJ“ =X 1-[; )
(See, for example, [2, Corollary 3.7].) For a function y;in H*®, the Toeplitz
operatorsT’ are defined T’ (f]) =;-f;.

Every such operators are bounded on H?, with ” ” = ||w;||_(see [6, Theorems]).
Abusing notation somewhat, we will write TZ’ to indicate the operators le,jfonpj (z) =

z. Observe that TZjis an isometry on H?2.
In the context of analytic functions on D, it also appears reasonable to peeking
operators defined in terms of differentiation. It is easy to see that the differentiation

operatorsD (f;) =f]are unbounded on the Hardy space: ||D(z™)||/l|z"|| = nfor
anynatural number n. Nevertheless, for many analytic maps ¢;: D — D, the operators

i@ = f(9;) @)
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is bounded on HZ2. Some authors, following the example of [4] and [5], have used the
notation Cy;Dto denote such operators. Because of the unboundedness of D,it makes

sense to write (1.1) as a single operator, specifically when that operatoris bounded on
H?. Write D,, to denote the operators on H? given by D, (F;) =19

In this paper we will refer to such an operator as a composition—differentiation
operator. The Closed Graph Theorem exhibits that D, are bounded on H? whenever
D, takes H Zinto itself.

Ohno [5] established a basic set of results relating to when the operators we are
calling D, .are bounded or compact on H?. We will only be considering
@withX||¢; || <1, in which case D, is guaranteed to be Hilbert-Schmidt on H?,
andtherefore both bounded and compact (see [5, Theorem 3.3]). There are cases of
bounded or compact D, with Yll@jll =1, but they are beyond the scope of

thecurrent investigation.
The purpose of this note is to explore the operators D(,,jin more detail. Inspecific, we

find a representation for the adjoint Dj;,jwhen @jis linear fractional(Theorem 1). In the
particular case where p;(z) = rjzfor 0<|r;| <1, we computethe norm
”Dp].”explicitly (Theorem 2) and exhibit that D, is quasinilpotent (Proposition3).
Applying established results relating to composition operators, alsoobtain estimates

for the norm of D, whenever X||¢;|| < 1 (Proposition 4).
1
1-w;z’

For any point w;in D, define Ky, (z) =

It is well known that Ky acts as the reproducing kernel function for point-evaluation:

Zm&m=2ﬁm)

for any f;in H2. Therefore ), ”KWJ.” = (Wj) ) 1— |W B

(1-w;2)"

Notice that Kv(vlj)acts as the reproducing kernel for point-evaluation of the first

derivative:
PRIASHEDWATH

for any fjin H? (see [2, Theorem 2.16]). In specific, 3 |kS|| == (K “)) (w;) =

In Identical manner, define Kv(vlj) (2) =

1+|wj|?
(1=1w;[)
for anyw;in .
It is well known that Cg, (KW].) =K, (w,) and (Td’,]_) (ij) = w,(vvj)Kijor any
w;in D.ldentical property holds for any bounded operatorsD,, ;on H?. Observe that

5503, (k) = 3 0 (ko) = 3 (/) = 3 (K,
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H 2 * _ (1) - .
for everyf;in H*, so Dy, (ij) =K (Wj)for any w;in D. In specific,

Pj
125, (5w )l (a-wi ) (2+lo(w))I)
100, R )N _ ) 1.2
2 HKWj” 2 (1-lo;wI%) 2

Therefore, if D(p].is bounded on H?, we see that

(1 - |Wj|2) (1 + |<p,-(wj)|2) 1- |Wj|2
Dy;|| = su 2\3 = su 2)?
2ol s 2 28 |2 )

(1=Iw;|*)(1+lo;w)I%) -

And}, ||D¢j||e = limsup)y, | \/Z (1—|<p,-(w,-)|2)3

: 1-{w)|”

P Z(l—lw(wj)lz)al(lls)

These findings should be compared to [5, Corollary 3.2], which outlines the necessary
and sufficient requirements for D, to be bounded or compact when ¢; is univalent.
Inspecific, (1.3) exhibits that D, .cannot be bounded if ¢;has finite angular

derivativeat any point on dID (see [2, Theorem 2.44]). Taking w; = 0 in (1.2), we see

1+]p;(0)]”
(1-lo;@F)"
which exhibits that )] ”D(pj” >1 for eachgp;and that ”D(pj” > 1 whenever
@;(0) # 0.
For the duration of this note, we will assume that ¢;is a nonconstant analytic
map withY||p;|| < 1. As mentioned earlier, this assumption guarantees that D,, is

compact on H2.
2. Adjoints, Norms, and Spectra
We obtain information about the adjoint, norm, and spectrum of D(p].in certain specific

that 3, || D, || =

alz+bJ
cases. If p;(z) = Py -
. . . Jz—cl
is @ no constant linear fractional self-map of D, hence the map ;(2) = _‘Z_fzfd_]

also takes I into itself (see [1, Lemma 1]). It is not difficult to exhibit that Y||o;|| <

1whenever 3||@;||_ < 1. The link between these two maps has long beenregarded in
reference to the adjoints of composition operators.

Theorem 1. For a pair of linear fractional maps ¢;and g;, as described above,

.

p; (T’ =7/, D
Pj ® (1) oj
! ( Kojo Koj

2
Proof. rve that KV = g R
0of. Observe that K,y (2) (1-(@77a)z)"  (-plz+d)’

3
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z . (dj)zz
(1+(ci/az)? ~ (ciz+al)®

Furthermore, see that; T/, Dy, (Ku,) () =T)y ————
o frers D)

@)z W

z(—ﬁz+$)2-<1_wj(@_ﬁ))2

And Ké}%go) (z) =

W

—bJz+dJ
_ (d)’wz
— _— — —\2
(=bIiz+dl —alw,z + cw,)
(d’)2w, z

@) (1o (Z22).)

cwj+al

for any w;in D. Second hand,
< (i =@, p = @, @
Dy, (TK<1) ) (KWJ) T (@wy D) Dy, (wa) T (Twyrd)’ Kojtw)

a(0)

Therefore, D;;,j <TI£(1)( )) and Tli(l)( )Dajagree on the span of the reproducing
0']' 0 (,0]' 0

kernelfunctions, which constitutes a dense subset of H2. Therefore, the two operators

are identical on H2.
This result bears a close resemblance to Cowen’s adjoint formula for composition

operators (see [1, Theorem 2]), which can be rewritten Co; <TK§§.)(0)> = Tij(o) o)

Let us focus on the specific situation where p;(z) = rjzfor a real number 7;. In
this case, Theorem 1 reduces to D; (T, Y =T/ D, . Therefore
D;, = D;,(1/) 1/ = T/D,,T].
and therefore D, D;. = D, T/D, T) = (D,,T} )2.
Note that; (D,,7/) = (1)) D;, = (/) 1/D,,T} = D, T/,

SO DpjTZjis self-adjoint. If0 < r; < 1, we will see that DpjTZj =

D;j . In specific,if we
can determine the spectrum of DpjTZj , we will be able to compute ”Dp]. ”
Theorem 2. Ifp;(z) = r;zfor some real number 0 < 7; < 1, hence
_ 1 |1/(1-7j)]-1
x| = 2[4
where |-|denotes the greatest integer function.
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Figure 1. The quantity }; | Dy, ”for different values of ;.

Proof. Note that b, T/ (z"*) = D, (z") = n(r;z)" " = nrj* "1z
for any natural number n. Therefore, the spectrum of DpjTZjincIudes {nr""":n e N}.
Second hand, supposedjbe an arbitrary eigenvalue  for DpjTZj with
correspondingeigenvector f;. Observe that; 4,f;(z) = f;(r;z) + rzf; (r;2).
If £;(0) # 0, henced; = 1. If £;(0) = 0, differentiate both sides of the equation
aboveto obtain A, f;'(z) = 2r;f;'(r;z) + r*zf;" (r;z).
Iffj'(O) # 0, henced; = 2r;. Differentiating a total of n — 1 times, we obtain
4f; "D @) =P (2) + 12" (52).

If fj("‘l)(o) # 0, Therefore A; = nr*~*. Therefore, any eigenvalue must have the
formnrj”‘lfor some natural number n. Since DpjTZj is compact, its spectrum is
exactly{0} U {nr*"":n € N}.
Since all the eigen values are positive, see that ). DpjTZj =)

Z ”Dpj” = max {Z nr*"tin € N}.
To obtain (2.1), observe that the functionh;(x) = xrj”‘1 has precisely one local

extremumon [0, o), which are also its absolute maximum. Therefore we simply need
to find the greatest natural number n so that (n — 1)rj”‘2 < nrj”‘1

D, |. Therefore,
]

. 1
or equivalently 1 — — =T

orn < P
=T

Thus the quantity nr;*~"is maximized when n = |1/(1 —1;)].

There are several interesting consequences of Theorem 2. First of each,

D ”Dpj” =1for 0<r <1/2and X ”Dpj” >1 for 1/2 <7 <1. Secondly,
D ”Dpj”tends to coas r;goes to 1. Since composition with a rotation is an isometry,
(2.1) holds with rjreplaced by|r;|for any complex number rywith 0 < ¥|r| < 1.
Likewise, the sameformula holds for}; ”D(pj ”where pi(z) = rjz"for any kin N.

We deduce this section with an observation relating to the spectrum of Dpj,which
indeed pertains to a slightly larger class of operators.
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Proposition 3. If ¢;(z) =a/z+b/, where 0<3X|a/|<1-Y[b/|, the
operatorsD,, . are quasinilpotent; that is, its spectrum is {0}.
Proof. Assume thatd;are a nonzero element of the spectrum of D, ., which

wouldnecessarily be an eigenvalue. Hence there is a nonzero function fjin H* such
that;

Aifi(2) = fi'(alz + b/).
It is clear from this formula that f;cannot be a polynomial. Differentiating n times,see
that

17 (@ = (o) alz +bT),

sothat (4,/(a))")f,™ @ = (™) (e/z + b’).

Since fj(")are not identically 0, we deduce that Aj/(af)nmust be an eigenvalue for
D, for everyn, which is impossible. Therefore 1; = Oare the only elements in the
spectrumof Dy

Remark. Make a stronger statement than Proposition 3. Wheng;(z) = a’z + b/,
note that ngare never equal to the trivial operators on H?2. Furthermore,for any
natural number M, the closed linear span of the set{z"}._,is invariantunder the
operatorsD,, .. Therefore [3, Corollary 1] exhibits that D,are a compact
universalquasinilpotent operators; that is, the norm closure of {WD(ij‘l: W is an

invertible operator on H?}

contains every compact quasinilpotent operator.

3. Connections with composition operators

We can view the operatorsD,, .as the product C<ij,aIthough the benefit of this

representation is limited by the fact that Dis unboundedon H?2. The bounded
operatorsD, ., wherep;(z) = rjzfor0 <r1; <1, can act as asurrogate for Din the

situation whereX||¢;|| < 1. Recall that D, are compact andquasinilpotent, and that

we know both its adjoint and its norm.
Take Y|l¢;||l, <X <1 and define(y;) = (1/77)¢;. Observe that D, = C(y,). Dp;-
7j

3.1)
since 3. | D, | = 2 “lo,,

Proposition 4. If ¢;are a nonconstant analytic self-map of D with X||¢; || < 1, then

i+ o) 1107
2= .24 Z\/ |z](0)|1—rJ ik

”Dpj ” obtain the following estimate for ”D(pj ”

1+ |g0](0)|
(1-loOf)
whenever ¥ [|o;[| < ¥r <1.
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If Ylloj]| <1/2 we may take r; =1/2to see that 3 L(O)USZ”D | <
Il ] (1_|<Pj(0)|2) Pj

1+2|@;(0)]|
1-2[p;(0)]’

X

In specific,), ”D(p].” = 1 whenever both % ||¢;|| < 1/2and ¢;(0) = 0.

Example 5. Supposeg;(z) = a’z + b/, where a’ # Oand}|a’| + Z|b’| < 1/2, so
that

1+|b1| <y ” ” 1+2|bJ|
(1 |b,| Pj 1-2|pd|’

We can indeed improve on Proposition 4 because we know thenorm of
C((pj) precisely. Forr; = 1/2, it follows from [1, Theorem 3] that
Tj

2

=2

d

1+4lal P=alp] P+ (1=l P+a]pi ) 16
This value serves as a more precise upper bound for |D(pj |
Working with D, ;can also be useful for describing the adjoint of operatorsD,
Collecting (3.1) with the identity D; . = T)D, T/, we see that Dy, = T’D T’C(q)j)
Tj

pjlz
whenever X|¢;|| < X7 < 1. Thisanotationallows us to determine D, whenever we
know C( "’f)r].'
Example 6. Suppose ¢;(z) = rjz*for 0 < r; < 1and peeking ((pj)r_(z) =72 ltis
]

well

: N _ 1iV2)+fi(=7)
known (see [2, Exercise 9.1.1]) that C("’f)rj () = %
for any fjin H?; that is, C(*(p _) (z*") = z™and C(*(p ) (z?™*1) = ofor any

T

nonnegativeinteger n. Consequently, D* ,(Z*M) = (n+ Dtz
and D*J.(zZ”“) = 0. For example, note that

ZD* (log(l—z)) ZD ( Z ) Zz(n+1)r S+l

zlog(l—r-z)
_22(1 rz) +X 2 =

Observing that every D(p].from Example 6 has at least one nonzeroeigenvalue, since

D, (zz) = 2(r;z?) = (2r;)z>.

Results:
1. Ohno [5] established a basic set of results relating to when the operators we are
calling D, are bounded or compact on H?2.

7
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2. Applying established results relating to composition operators, also obtain
estimates for the norm of D, whenever X||¢;|| < 1 (Proposition 4).

3. This result bears a close resemblance to Cowen’s adjoint formula for composition

operators (see [1, Theorem 2]), which can be rewritten ¢, (Tlim > = T,gwj(o)cgj.

a;(0)
Conclusion
In order to determine if the operators we are calling D, are bounded or compact on

H?, conclusion is quite similar to Cowen's adjoint formula for composition operators,

i * j —_7J
which can be expressed as ¢, (TKf,j)(o)> = Tey 0 Co;
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