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Abstract
The study investigates the boundedness , compactness, essential norm and the Schatten class of weighted
composition operators (1+€)C,_ on Bergman types spaces ALte with double weight (z+¢€). Let X =
(1+e) € HD): (1 +€)C,, A;zg — ALt is bounded. For some regular weights (z + €), the researcher
obtains that X = H* if and only if ¢, is a finite Blaschke product.
Keywords: Weighted composition operator, weighted Bergman space, double weight.
Introduction
Let D be the open unit disk in the complex plane, and H(ID) the class of all functions analytic on D. Let ¢,
be an analytic self-map of D and (1+¢) € H(D). Juntaoc Du, Songxino Li and Yecheng Shi [21]. The
researcher intends to make few specific changes. The weighted composition operator, denoted by
(1+€)C,,, is defined on H(ID) by

(1+6)Cp, f) (@) = (1 + )@ f*(¢,(2)), f* € H(D).

For —1 < € < oo, H1*€ denotes the Hardy space, which consisting of all functions f2 € H(ID) satisfied
1+e

1 r2 .
If 2155 = oS8 = fy " f? (L= €)e®| ™ d(6) < o,
As usual, H* is the set of bounded analytic functions in D.

The researcher says that p is a weight, when p radial and positive on D. Suppose that (z + €) is an
integrable weight on (0,1). Let Z+€(1 —¢) fll_e (z+ €)1+ e)d(1+¢) for 0 < € < c0. The researcher

says that z + € is regular, denoted by (z + €)€ R, if there is a constant C > 0 depending on z + €, sush
that
c<—Z—<(Cwhen0 < e <.
e€(z+e)(1—¢€)
The researcher gives that z + € is rapidly increasing, denoted by( z + €) € I, if
lim Z+e (1-¢€) _
€20 c(z+e)(1-€)

Let

Vap(1l—€) =€ (logz)ﬁ.
After a calculation, The researcher gives the following typical examples of regular and rapidly increasing
weights, see [11], for example.
(i) Whena > —1and B € R,v,p €ER;

(i) Whena = —1and f < —1,v,p € I and |sir1 (log§)| Vap(2+€) €1.

In [10], Pelaez introduced the set of double weights, denoted by D, which includes I U R. The researcher
says that (z + €) € D if there is a constant C > 0 such that z + (1 — €) < C(z + €) ( ) when 0 < € <
oo, The researcher shoulds remark that the most part of the results see[21], which presented in the context
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of regular and rapidly increasing weights, continue to hold for the wider class D. More details about I, R
and D can be seen in[10,11,13].
For —1 < e < w and (z + €) D, the weighted Bergman space A%< is the space of £2 eH(DD for which

IF2I55 = [IF2@)1H (2 + ©)(AA() < o,
Where dA(z) =%dxdy is the normalized Lebesgue area measure on D. When (z+¢€)(1+¢) =

(—e)*(a > —1), the space AL*¢ becomes the classical weighted Bergman space AL*€. the researcher refers
[3,7,20] and references therein. In respects, the Hardy H'*€ is the limit of AL*€ as @ — —1. But it is a
rough estimate since most of the finer function- theoretic properties of the classical weighted Bergman
space AL€ can not carry over to the Hardy space H*€. the researcher knows, A€ induced by regular
weighted have similar properties with AL*€. But many results see [21] show that spaces AL%¢ induced by
rapidly increasing weighted, lie “closer” to H1*€ than any AL*€.

In [4], Cuckovit and Zhao characterized the boundedness and compactness of weighed composition
operators mapping on Bergman space AL*¢ by using Berezin transform. The researcher investigates
weighted composition operators between different Bergman spaces and Hardy spaces in [5]. In [13],
pelaez and Rittya characterized the Schatten class of Toeplitz operator is a positive Borel measure on D
and the reproducing kernel of the Bergman space A2, . when (z + €) € D. In [18], Zhao and Hou proved
that, for AL*¢ the finite Blaschke product is the only composition symbol that the induced weighted
composition operator is bounded if and only if the weighted sympol defines a bounded multiplication
operator. The similar result for Hardy space H'*€ can be seen in [21]. Motivated by [4,5,13], under the
assumption that (z + €) € D and u is a positive Borel measure, the researcher investigates the boundedness
, compactness and essential and norm of (1 +¢€)C,, : At —» Aj*?€ and the Schatten class of (1 +
€)Cy,: A2y = AZ,c. Motivated by [18], the researcher gets that, for some (z +€), € R, X = H® if and
only if ¢, is a finite Blaschke prouduct. Here

X={1+e(1+¢€) € HD)and(1 + €)C,,: AL}¢ > ALL¢ is bounded}

Throughout this paper, the letter C will denote constants and may differ from one occurrence to the
other. The notation A < B means that there is a positive constant C such that A < CB. The The notation
A~ B means A S B and B < A. The researcher formulated and shows several auxiliary results which will
be used in the proofs of main results see [21].
some Lemmas

Lemma 1. Assume that (z + €) € D,0 < e < Tand (z + €)(1 — €) = [,__s(z + €)(s)log~— ds. Then
the following statements hold.

) (z+e).e(l—e)~e(z+e)(1—e)as(l—¢€) > 1;

(ii) thereare 1 <a < b < +o0and 0 < § < 1, such that

(zt+€). (1-¢€) - : lim (z+€). (1—€) .

—_— Isdecreasing on [6,1] and —a =0 1)
(z+€). (1-€) . . . lim (z+€), (1—¢€)

—Grg — Isincreasing on [6,1] and ELOT o0; (2)

(iii) (z + €), (1 — €) is decreasing on [§, 1] and lim._,,(z + €), (1 — €) = 0.
Proof. By [13, Lemmas A and 9] and [1,19] in [11], (i) and (ii) hold. (iii) follows by (ii) and (z + €),. (1 —
6) — (z+€). (1—€) e

o
Remark 1. The researcher observes that z = 0 is the logarithmic singular point of (z + ¢€).. SO, for any
fixed 1, € (0,1), we have (z + €), (1 —€) ~ e(z + €)(1 + €) for r, < r < 1. For simplicity, suppose
(z +¢€), and Z + € radial, that is, (z + €).(3) = (z + €).(|z]) and z + €(3) = z + €(|z|) for all z € D.
Suppose T is the boundary of D and I < T is an interval. The Carleson square S(I) can be defined as
S(HD={1-e)et:et e, |l|<e< -1},

2
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where| I| denotes the Lebesgue measure of 7. For convenience, for each a € D \ {0}, the researcher
defines

Lie = {e®: Jarg((1 + €)e)| < =224},
and denote S(1 + €) = S(I(1+¢))- By (26) in [10], when (z + ¢€) € D, the researcher has
z+eSA+e) ~(z+e).(1+e) forall 1+e)eDand|1+e| >, 3)

The following lemma is a straight result of [10, Lemma 3.1](or [11, Lemma 2.4])

Lemma 2. Suppose (z + €) € D and —1 < € < oo. There exists y, > 0,if y > y,, the researcher has
1

F et s @] = |F v ~1,when (1+¢€) €D,z € S(1+¢),and
(1+e)%,( 2+36) (Z+€)S(1+E))1+E (1+e)4,( 2+3e) A%Ié
sup —
limq 451 l2l<1—e F(1+e)2,(—%+36)(z)| =0,when 1 <e<—1.

Here and hence forth,

1
1-|1+€]2\213€ 1
F 1 z) = _
(1+€)2.(—§+3€)( ) (1—(z+e)z) (z+e(5(1+e))ﬁ
For simplicity, the researcher always assume that (— % + 3¢) is large enough so that Lemma 2 holds when

mention the function F(He)z,(_%ﬂe).

For a given Banach space X of analytic fuuctions on D, appositive Borel measure y on D is called a g —
Carleson measure for X, if the identity operator Id: X — L'*2€ (z) is bounded. By [10, Theorem 3.3], when

(z + €) € D, a Borel measure u on D is a ¢ — Carleson measure for ALZ€ if and only if

sup u(S(1+e)

[e's}
(1+€)eD Trze < .

(z+€)(S(1+€))) T+e

S(1+ .
sup _ MEUAE)  ihe following lemma.

(z+€)(S(1+€))) T+e
Lemma 3. Suppose (z + €) € D, u is a positive Borel measure u D.Let—1 < € < 2€ < oo. For some

Moreover,ll]d||A;¢g_,Lh+zs X (14D

(equivalently for all) Large enough (— § + 3¢€), the researcher has

L(S(1+€) 1+2€
ll1dlI532 D e & Farerio@|  dun@ =~

ALYEoLLT2E ® (1+e)eD (Z+€)(S(1+€)))% ~ (1+e)eDd fS(1+e)

sup 1+2¢
aroen I |F(1+e)2,(—%+36)(z) du(2).
Here Id is the identity operator.
Proof. By Lemma 2, the researcher has

u(s(1+e) Nf
1+26 ~ Jg(1+¢)
(z+€)(S(1+€))) 1+e€

I |F

1+2€
Fsorirao@|  du@) <

1+2€
(rorirao@]  du(), when (1+€) € D, @)

So,
sup uS1 +e sup f 1+2€
= F d
(1+e)eDb (z+6)(S(1 + e)))% A+e)eD Jgyyq | (1+e)2,(-%+3e)(z)| u(z)

sup 1+2€
s (1+e)eD fD |F(1+€)2.(—§+3e)(z)| du(z).
By Lemma 2 and [10, Theorem 3.3](also see [11, Theorem 2.1]), the researcher obtains
1+2€
F 136 (Z du(z) s 1d||5E ~ SUp _ MSOre
fu}) | (1+e)2,(—§+3e)( )| n(@) < |l ”Aéig—»L}[fo (1+e)eD (Z+E)(5(1+€)))%
The proof is complete.
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Lemma 4. Suppose —1 < € < 2e < =, (z + €) € D, u is a positive Borel measure on I, and —%+ 3eis

large enough. Let —% <e<0Oand

. _ sup 1+2€
Ni-e = e—>0 |F(1+€)2r(—%+3€)(z)| du(2).
D

If u is a g-Carleson measure for ALYE, then w,—u /D \ (1 — €)D is also a g-Carleson measure for ALL€,
where (1 — €)D = {z € D: |z| < (1 — €)}. Moreover, there isa C > 0, such that
onb e < O (5)
(z+€)(S(1+€))) 1+€
Proof. It is obvious that 1) is a g-Carleson measure for ALTE Let
sup u(s(1+e)

Na-6) = j14epsti-o) rosaron e
When |1+ €| < 1 — e, —£50*O 77e < N1 is Obvious. When |1 + €| < 1 —¢,
(z+€)(S(1+€))) 1+e€
letting k = int (#) + 1, there exists a;, a,, ==+ ,a, € Dsuchthat S(1+e) N D \ (1 —€)D c
U S((1 +¢€); and |(1 + €);|=(1+€) for i = 1,2, -+ ---k. By Lemma 1, the researcher has

1+2€
Ha-o(S(1+€) < Ty u(S(L+€)i < Niey Xies(z + €)S(1 + €)) 1+e

1+2€

1+|1+€] 1T2€
S Naoo (294 1) @+ 0).(1— ) 1ve
1+2€ 1+2€
~ Nu_e (”';*E' + 1)(@? ZFe(l—e)ire
< N(l—e) (m) + (1—|1—€|) (1 — |1 + E)l 1+e Z + 6(1 + 6) 1t+e

1+2€

S Ny—g(z +€)(S(1 + €)) 1+e
So, there exists C > 0, such that

Kare(S(L+€)
zZ+e(S(1+e€))1+e

By(4), the researcher has N(;_¢) S N(;_,. Therefore, (5) holds. The proof is complete.

The following lemma can be proved in standard way (see, for example, Theorem 3.11 in [3]).
Lemma 5.Suppose —1 < €,€ > 0,(z + €) € D and p is a positive Borel measure. If T:ALLE — Li*%€ is
linear and bounded, then T is compact if and only if whenever {f;?}
is bounded in ALt¢ and £, - 0 uniformly on compact subsets of D, limk_,ollszllLll;ze = 0. The following
lemma can be found in [18]without a proof. For the benefits of the readers, will prove it.
Lemma 6. Let ¢, be an analytic self-map of D. Then ¢,. is a finite Blasschke product if and only if
lim|z+e|—>1|(pr(z + €)|=1.
Proof. The sufficiency of the statement is obvious. Next the researcher shows the necessity.
Suppose lim, ¢-1l@.(z + €)|=1. Let (F — C) = D be compact. Then there exists 0 < r < 1 such that (
—C)c (1—¢)D, where (1 —¢)D ={z€D:|z| <(1—e}Since limy ¢l (z+€)|=1, there is a
0 < t < 1 such that for all |z| > t, the researcher has |¢,(z)| > (1 — €). Therefore, ¢ 1(F — C) c tD.
By the continuity of ¢, ¢, *(F — C) is closed. So, ¢, *(F — C) is compact. By the subsection 7.1.3 of
[17], ¢, is proper. By the subsection 7.3.1 of [17] , ¢, is a finite Blaschke product. The proof is complete.
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Main Results and proofs
Theorem 1. Assume (z+¢€)€ D, -1 < % <e<0, (l+¢):D - C is a measurable function, ¢, is an

analytic self-map of D, and u is a positive Borel measure on D. Then

142¢ _ sup 1+2e 1+2¢
”(1 + G)Cfﬂr”A%Ig_)L,l;ZE ~ (1+e)eD f]D) |F(1+6)2,(—%+3€)((pr(z)| ”(1 + (Z)” du(z).

Proof. By lemma 2, the researcher has
sup

(1+e)eD

Let v(F - C) = f(/)_1(5)|(1+e)(z)|1+2€ du(z) for all Borel set (F—C). For all f% e ALf¢ letting

z + € = ¢, (z), by lemma 3 the researcher has
1+2€

1+ 0Cp, £ gie = Jy IF2 (@@ 11 + (@I du(z) (6)
= [, If?(z + o' dv(z +¢€)

— 2111+2€ 1+2€ 2111+2€
= ||f ||A11,+26 < ”[d“A;ig—mll,”E “f ”A%ié

1+2e€

1+2€
f]]}) |F(1+6)2,(_%+36)((pr(z)| II(1+ ‘5)(Z)||1+2E du(z) s ”(1 + E)Cqu”A;ig_,L};ZE'

1+2€
2111+2€ sup
S 21515 o o |F(1+6)z,(_%+36)(z + e)| dv(z + €).

Making the changing of variable z + € = ¢,-(2), the researcher has

1+2€ 1+2€
Io FarercinaG+ol =l @@+ =|Fu 0 10@@| 10 +@IM dul).
The proof is complete.
Let X and Y be Banach spaces. Recall that the essential norm of linear operator T: X — Y is defined by
Tl x-y = inf {IT — kllx-y: K is compact from X to Y}.
Obviously T: X — Y is compact if and only if ||T|| . x-y = O.
Theorem 2. Assume (z +€) € D,—1 < g < €< 0,(1+e¢€):D - Cisameasurable function,¢, is an

analytic self-map of D, and  is a positive Borel measure on D. If (1 + €)C,, : A}}E — A}*?€ is bounded,
then

1+2¢ . 1+2€
|+ E)C‘/’r”e,A;igaA}ﬁZf ~ lim;4¢/o1 SUP f]m |F(1+€)z’(_%+3e)(<pr(z) 11+ @I du(z).

Proof. Since (1 + €)C,, : A}}E — A;*?€ is bounded, (1 + €) € L;**¢ and ||1 + eIIL};ze < |1+

Suppose f(z) = ¥, fZ 2 € H(D).

€)Cp || gzsze_, 1+2¢. Upper estimate of [|(1 + .s)C(,,T||1+2€

1+€_, 41+2€"
e Az e~Ay

Fore € N, let

(i ¢
fézk, €>0;
Kf?(2) = 4 s

D (RN

k=0

andR, =1d — K.,
By[19, proposition 1 and Corollary 3], when 0 < € < oo, K, is bounded uniformly on H*€,
By [6], IKcllyioy1 < 1. So, when € = 0, there isa € = C(1 + €) such that

K255 < C [z + 1 +e)d+e) [0 +ee]| " do < cliflis,

Azy
— _ < < .
IRell ggrearre = l1d = Kell gire_qrve < 1+ [|Kell yree,y1e S C+1 ()
By Lemma 5 and Cauchy’s estimate, f2 — f;2 z* is compact on AL%€. Therefore, K,: ALTE — ALZ€ is
compact. So, the researcher has
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1+2 1+2
ICE+ €)Co, |, st ggoze = 101+ Co, (Ke + RO, e race
1+2€

< |1+ e)C,,Re||

1+e_,1+2€
eAzie~ Ly

For any fixed 0 < r < 1, by (6) the researcher has

1+e€
IC1+ €0, Ref? 112 = JonaoeyolReS 2 + I du(z +€) + fiy_oplRef(z + ' duz +

€), 9)
Where v is defined in the proof of the proof of Theorem 1, that is, for every Borel set (F — C) € D.

V(F = C) = [ o p_o)| (L + Q@I du(2).
Let (z+ €). = f01(1 +€)(z+e)(1+e)d(1+¢€).Since BZ*(&) = X7,
reproducing Kernel of ALLE (see [14,16] for example), the researcher has
Rf2(z + )l = |(Ref 2, Bgiedaz, .| = [(F7 ReBSredaz, .| S 1F? 1 apeelRBEr el
Here <"'>A%+E is the inner product induced by ||-||A§+E and ||-]|z= is the norm of the bounded analysis

function space on D. When |z + €| < (1 — €), the researcher has
1 k(1—e)k-1 o (1-e)k
RBEellge S =X ——+ e ——
” € z+e||H EZk—l 20k 41 Zk—e+1 203541
a-okf
2W2k+1

(¢2)¢

2(z+€)2e+1

is the

o k(1-e)k?
By [16, Lemma 6], Zk:lﬁ

aN=N(gz+e¢€1—¢€),such that
IR.BZ.c| <e¢forall |z+¢€|] <(1—€)ande > N.

is convergent and lim,,_, o, D pzc 1 = 0. So, for all € > 0, there is

So, forall e > N,
IRef?(z + €)'"** du(z + €) < e'%¢||11 + Elli}fffelllell“f- (10)

1+€
Azte

f(l—e)lDJ

Letv-e) = v \p\a-op. BY (7), Lemmas 3 and 4, the researcher has
Jon-oplRef 2z + O du(z + €) = [ [Ref?(z + "¢ dvi_)(z + €)
V(1-¢)(S(1+€)
S IRef2IETE 13—
zte w(S(1+€)) Tte

1+2e€
S RS2 22 fy [Frsorciran(@ @] 10+ @I du(2).
1+2€
SIFIGEE 2% fy [Fasorcinse(@r@]  IQ+0@IM*du@. (A1)
Letting € = 0, by (8)-(11), the researcher gets

”(1 + E)CQOT”::;g—»A}fZE =

1+2€
Jo |Farer o @ @] 1A+ Q@I duz)+e*2 11 + el 2.
Since ¢ is arbitrary, by letting € — 0, the researcher obtains

1+2€ lim su 1+2€
It + e, | SIS E ot s @@ I+ Q@I du@).
D

1+ 1+2
eLyie~Au ¢ e—>0

. 1+2€
Lower estimate of ||(1 + E)C¢r||e,L§¢g_>A,1l+2€'

lim

= 0 then
e—>0

1+2€
Ap

||KF

Assume that K: A;1¢ — L;,"€ is compact. By Lemmas 2 and 5. (1+02,(-1+36)

| +ec

” 1+e_ 1+2€
Prilalte-Ly

lim sup
z ||((1 +€)Cp, — K)F

1
(1+E)2,(—§+3€)) Ll11+25
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lim sup lim sup
= e—>0 ||(1 + E)(pTF(1+€)2r(—%+3€) L’1‘+Ze - e—>0 || (1+5)2'(—%+3€) L}t+26
_ limsup
= 50 ”(1 + P 1102, (1uze) Li#e
Therefore, the researcher gets
1+2€ < limsup

1+2€
”(1 + E)C(pr” LLEes aLr2e = €—0 f]D) | (1+5)2‘(_%+35)((pr(z)| (1 + &))" du(2).

as desired. The proof is complete.

Theorem 3. Assume(z + €) € D,—1 < g < €<0,(1+¢€):D - Cisameasurable function,e, is an
analytic self-map of D, and p is a positive Borel measure on D. Then the following statements are
equivalent.

(i) (1 +e)p,: AEE - L€ is bounded;

(i) (1 + e)<pr' Api - L““ is bounded;

(iii) ¥, (1+6)<p (1+e)€ LZJrE for all — 2 + 3¢ large enough;

(iv) lp(1+e)
Moreover, if —2+ 3e is flxed,

(1+¢)€ L E for some — 2 + 3¢ large enough.

1+2e€

I+ e prne = ¥ siae| v (12)

_E_l
z+e

Here,
+3e

1+2€
Yot oo 1+ = o [Farorciisn @@ 10 +O@IM du2).

Proof. Let v(F — C) = f(p_l(F_C)I(l + €)(2)|'*%¢  du(z) for al Borel set (F — C). By (6), the researcher
has

(1 + E)Crleli’ltfzee = ||f2||gffe,
So, (1 + €)¢,: A7$E - L,;F*€ is bounded (compact) if and only if Id: A71¢ — L3,*2€ is bounded (compact).
By (26) in [10] and Theorem 3 in [15],the researcher has (i) < (ii)& (iii) and (12). Since 1 -—
|1+ €| <|1—1+ ez| holds for all (1 + €),z € D, the researcher gets (iii) < (iv). The proof is complete.

Remark 2. Suppose all of the (1 + €), (1 + 2¢),u, (z + €), (1 + €), @, meet the conditions of the Theorem
3 and v is defined as in the proof of Theorem 3. Forall (1 +¢) e D\ {0}and 1 < e < 0, let

1 |z]|
F(1+e¢)= {z € D: |argz —arg(1 + €)| < 5<1 T+ e|>}

1-¢},

_ dv(§) sup v(s(1+e)) _ v(A(1+€),(1—-€) dA(z)
Q2) = fr (Z)w(r(f))’M‘“(”(Z) z€S(1+¢€) wisarey Pa-o(@) = fr(z) o(T(@) -z

By[15, Theorem 3], for any fixed — 3 + 3¢ and 1 — ¢, the researcher has

(1+e)-z
1-1+€z

T(1+e)=zeD:{(1+6) €T@)}LAN+6),(1—€) = {z €D:
and

1+2€
I+ €60, | seypae = ||1d||;r+25 e = | Pongse| L 2 M@, ~ QI
LZ+E Z+E LZ+E
loa-oll 2. (13)

z+e

Using (26) in [10], the researcher knows that all the all the w(S(1 + €) and w(T (1 + €)) in (12) and (13)
can be exchanged.

2
Theorem 4. Assume (z + €) € D, satisfying fol (logg) (z+e) 1 +e)d(1l+e€) <o,

7
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—1<e <o, (1+¢€):D — Cisameasurable function, ¢, is an analytic self- map of D. if (1 +
€)pr: A2y = Az is compact, then (1 4 €)@, € Sq4¢)(AZ4e) if and only if

cAE(-ey 7  dAQ
fu» (evam) T=amrm<°

For some (equivalently for all) 1 < e < 0. Moreover, the researcher has
|1+e N J- (U(A(Z(l—e))% dA(z)
rlite = JD (z+€)4(2) 1-2|z|2+|z|4"

Here o(F — C) = f(p_l(F_C)l(l +€)(2)|?> (z +¢€) dA(z) for all Borel set (F — C) c D, and | * |1 is the

norm of p- Schatten class of A42,..
Proof. For all f2, g% € A2, ., the researcher has

(A+6)CP) 1+ )9 f2 9% 2, =+ 6)Cy f2,(1+€)Cy. 9%z, = [ [Po(@Dg%0(2) (1 +

zZ+e Z+€e

)@} (z + e)(2)dA(2) = [, f2()g*(§) do(§) (14)
Suppose BZ*€(§) is the reproducing Kernel of A2, ., that is,

f2@) ={f2B7* ) az, = [y FREBEFE) (z+€)(DAA).

Consider the Toeplitz operator,

|(1+e)c,

T,f%(2) = [, f2() Bz do ().
Since z + € is radial, by [11,section 4.1], polynomials are dense in ALi¢ for all —1 < e < o0. So if
f2, g% € A%, there are two polynomial sequences {f(21+6)}:°_0 such that
lim lim
€ > ”fz - f(21+€)||A§+E =0, and € —> o0 ”gz _9(21+e)”A§+E =0.
Since (1 +€)C,, : A2, = A%, is compact, by Theorem 1 and lemma 3, the researcher has

2 sup 2

I+ €)C¢T||A§+E—>A§+E “1+e)eD JD |F<1+e)2,(—%+3e)(z)| do(z) ~
sup a(S(1+€)
(1+4+€) €D wis@a+e)

Then, Id: A2, — A2 and Id: AL, — AL are bounded by Lemma 3. So, the researcher has
o g - gl = 0.

Forany h? € H® c AL, letting M = sup,epl|h(z)l, by [16] (see also [14, Theorem 1] ), there exist a

C =C(h% 1+ €, ¢,,z+ €) such that

T, @) < M f |1BZ<(p)| do(n) < M, |I1dll 1,

e

o, IBZ¥ll,a, < Clog——

1-|z|
Therefore,
2

IT,h2 15, <y (log155) 2+ (2)dA@) < .

That is say, T,h% € AZ,..
Since g2, € A2, =(A2,.)" forany (1 + ¢€) € N, by Lemma 11 of [16],
lim lim S
(Taf(21+e)'gz)A§+e = k - oo <Taf(21+e)' gl@A;+E = k= oo (f(21+e)’ gi)AngE = f]D; f(21+e)(77)gz(77) do ().
(15)
Since g2 is arbitrary, by (14) and (15), the researcher has
Taf(1+e) =1+ G)C(p-f)*(l + E)C<p,-)f(1+e)' (16)

1+|z|
2

|Tof?(2) = TofGse) (@) < o If2(m) = fEso M| [BZF<@m)|da(mn

For any fixed z, = D, when |z — z,| < , by Holder inequality and [16, Lemma 6], the researcher has

8
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1ol < 2ol + 1) /2 7 VOO = fillg
0 T, fAe(z) = T,f? (z) for all z € D. Using (16), the researcher has
T, =1+e)e) (1+6e)e,
By [20, Theorem 1.26], when € > 0, (1 + €)C,,, € S(14¢)(A%4¢) ifand only if ((1 +€)C, )*(1 +
€)C,, € S¥ (A2,.). By [16, Theorem 3] (or[13, Theorem 1]), T,, = € S¥ (A2,,) ifand only if

1+€
f (U(A(z,l—e))T dA(Z) .
D (1-1z12)? ’

So, the researcher obtains lim
€ >

(z+€)«(2)
For some (equivalently for all) 0 < r < 1. Moreover,
1+€ 1+€
e _ 7 = o(A(z1-€)\ 2 dA(Z)
|((1 + E)C¢T))|1+e - |T‘7|¥ - le) ( (z+6).(2) ) REVDE

The proof is complete.
Theorem 5. Suppose 0 < € < o, (z + €) € R, @, is a finite Blaschke product and (1 + €) € AL¥¢ If
(1+€)C,,) isbounded on Az1< then (1 + €) € H* (D).

Proof. By[14, corollary 7], the researcher has(4L1¢)* ~ A0+ \where = + —1 = 1. Let BZ+€(§) be

zte 1+e  (1+e)

the reproducing kernel of A2, . By [16, Lemma 6], BZ*< € H® < ALY Since If (1 + €)C,,) is

zZ+e

bounded on A31¢ sois ((1+ €)C, )" on AS::)’. For all f2 € ALt the researcher has

((1+€)Cp, ) BE*E, f2 2, = (BZ*S,(1+ €)Cy, [z, = (L + O @F(Cy, (@) =
(1+e)(2) <B£:(§)’f2)x4§+s.

Therefore,
(1+6)Cy) B =T +6)(2) BE,.
So,
1+ Q@ [|B5E | wver = ITF @B aser =1+ €060, B2 arey < 11+
Z+€ z Z

E)er)*”Ag:Ee)’ L ate ”35:6”/1;1::)’ :

LetM = ||(1 + E)Ctpr)*”A(Hf)’ Laso By [16, Theorem C], the researcher has ||BZ+E
z+e  Tlz+e

<
Pr(z) A(1+e)’ =
Izl (e (14e-1
BZ e -
M(1+e)’ Aglﬁée)’ ~ M(1+e)’ (z+e)(S((pT(z))) (17)
A s '
Azve

—.mTyJe [(1+e)g| (1+e)k—2z
Suppose ¢, =z k=1"Tre), LGror

Let
c=max{|(1+ €)il:k =1,2,--,e},and d = min{|(1 + €),|: k = 1,2, , €}.
As in the proof of [2, Lemma 2.1], for ¢ < |z| < 1, the researcher has
_ 2
L@ 4 4 o 122
1-|z|2 1-d
By Lemma 1, thereare 0 < e < oo and 0 < § < 1, such that %

1y = inf{r:r > max{c, 6} and |@,(z)| = § for all |z| = r}.
Thenr, = (0, 1). Obviously, the researcher has
sup z+e)(S(r
|z| <7, ((z+)e§(g?z))))) < (18)
When |z| > 1y, by (3), the researcher has
Et+e)S(or))  (z+e).(9r(2)
(z+€)(5(2)) (z+€)4(2)

is increasing on [§, 1[. Let

So, if |p,(2)| < |z],
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(z+6€)«(@r(2) 1te
(z+6).(pr(2) _ (-lor@IFe A-lor@)**e _ (m 1+d) (19)
(z+6).(2) (@re)z)  (1-|g|i*e T '
(1—|Z|1+€

If |z| < |@-(2)| <1, by Lemma 1, the researcher gets
(1—|<pr<z)|f|fp (F+oa+ed(1+e)
r(2)

s m+26g. (20)

(z+e)(or(2) _
@+ (-l G+ Q+edte)
Therefore, by (17)-(20),the researcher obtains (1 + €) € H*. The proof is complete.
To state and show the next result see[21], we introduce a set. Let 0 < € < o, (z + €) € R and ¢, be an
analytic self- map of D. The researcher defines
X ={(1+e) e HD): (1 +€)C,, (ALS) c A1}
Theorem 6. Let 0 < € < o and ¢, be an analytic self- map of D. Suppose (z + €) € R such that

()z+e(@are)A—€)z+e(l—€e)Sz+e(l+e),foralll <e < —e<0,here (1l —¢€)= %;
. B 1
(ii) 24 + AB — B > 0, where A4 = 1M inf Lzrorodaze o

e—>0 €(z+e)(1+e€)

5 - limsup f11+6(z +e)(1+e)d(1l+e)
e—>0 e(z+e)(1+e€)
If X = H™, then ¢, is a finite Blaschke product.
Proof. By [13, proposition 18], for any (z + €) € D and ¢, is an analytic self- map of D, ¢,: AL1¢ — Ali¢
is bounded. So, for any (1 + €) € X, the researcher defines ||1 + €|y = ||(1 + E)(gDT)”A1+e_)A;¢g . Let

Z+e

{(1 + €).} be a Cauchy sequence in X. Then {(1 + e)eqpr} is a Cauchy sequence in B(ALLS). Here,
B(AL+¢) means the set of bounded operations on ALt¢ So, there exists a T € B(AL1€), such that
lim._((1 + €).C,, ) =T.Since f2(z) = 1 € ALE.

(1+€) =T(1) € A}1E and lime o [I(1 +€)c — (1 + €)ll14e.= 0
Therefore, for all f2 € AL¢

z+er

limeo(1+€)c(2f?(0r)(2) = (1 + ) (@) f*(9r)(2)).
Since llme_,oo”(l + E)E(prfz - szllA;ig = 0,
limee, (1 + €)f2,(2) = (T f)(2).
So, the researcher has Tf? = (1 + €)C,, f? for all f> € A}}<. There fore (1 + €) € X. That is to say, X is
complete under the norm || - ||
Since X = H, C,,, € B(AL{9). Thenfor all (1 + €) € X, lI1 + ellx < I + €lly=|Cy, || 1ve_ 11e- BY
z+e 7 Az+€

Inverse Mapping Theorem, ||1 + €]lx < ||1 + €]| 4.

By (z + €) € R, the researcher has AB > 0. Therefore 2+B

- > %. So, there exists 0< € < A such that
2 r1+-2>0.

B+e A—€

Let (1+e) = %M and (1+e) = %. Then 3 + € > 0. By the proof of [11, Lemma 1.1], there is a

+e

0 < § < 1 such that

ro)d=e); ; ; . +e)(1—
¢ gie 9 js essential decreasing on [§, 1[ and lim,_,, (22% =0;
and
(Z:?# is essential decreasing on [8, 1[ and lim,_, (”2+'6) =
Let
(z+e)(2), §<zl < 1;
z) =<{ (z+€)(6)(1 — |z]|)1+€
u(z) =1 z+e)(6)A - z)) 2] < 6.

(1 — 6)1+E ’
Then it is easy to check that the following statements hold.

10
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(i) “2=9 is essential decreasing on [0,1[ and lim,_,, 2= = 0

elte el+e
- - - : pa-o _
is essential decreasing on [0,1[ and lim,_,, ——= = oo;

el+e

.. u(1-€)
(i) —==
lim sup J;,e #+e)d(1+e).

_ liminf e p+dare) 0p
(ijpeRr A= """ *_——andB=""""/ s

(iv) ”lelA,l,,*'e ~ ||f?]l jare and (@) (1 — €A1 —€) S A(1 +¢),forall1 < e < 0.

zZ+e
Therefore, without loss of generality, let 6 = 0. So, the researcher has
(Z+E)((Pr(z+€)(z))

i+e 2\ 1+€
HOriue @) _ 1| @re®@] (1—|<<pr(z+e)<z>| > when [, @] > |2]
- ~ ) T ’

(z+6)(2) P 1-|z]

and
@+O@r (44 (@)
(z+e)( @) ()|%+26 1-|c @|’ T
ZHE)(Prpie)\2)) 17|01, | Przie)\Z
(z+€)(2) - (z+el)(z) = 1-|z| , when |(PT(Z)| < |Z|,
1—|z|2+25
Therefore,
2y 1+€ 2 %+26
@+ @rp40@) _ (17 @rp0 @) N 1-|@r (0 @) _
(z+€)(2) ~ 1-|z|? 1-|z|?
1
1-[z+€]? 1+e 1-[z+€]? at2e
(Il—(m)(Z)ZI) + (Il—(m)(Z)ZI) ' (21)
_ 6+2¢ _ 1 a 1+e _ 1 2
Let @ =725 and (1+ )o@ = (mam) - Then QL+ el = o For all f2 €
ALtE, by (21), the researcher has
2|1t 1 2 1+e
1L+ e 2 e = = 120 0, @)1 (2 + €)(2)dA(2)
ALt (1+€e) ()
zre D |1—(Z+e)z|
1
= f iroa |f2 o Pr o (Pz+e(z)|1+E |‘pz’+e(z)|2 0(@z4¢)(2)dA(2)

D |1_mw7‘(z+e) (Z)|

e Jp 120 0r 0 (D] (H(L) ’ )w(z)dA(Z)

~ (1-lz+el |1—(z+e)z|2
1
S 5 f]D) 1f? 0@ 0 04D w(2)dA(2)
(1-lz+e2)2"
1+e

1721 41 1e

< . :

(1-lz+€2)2%¢ (1-lpr(zD@ (97 (z+€))

The last inequality can be got by [13, Proposition 18]. BY [(1 + €)z1cle = [|[(1 + €)24¢Co, || y1ve_ 14e
z+e Az +€,

the researcher has
1 1

< — .
(1-|z+ 6|2)% (1 = o, (2D (o, (z + €))
By §+ € > 0, the researcher has |, (z + €)| = 1 as |z + €| = 1. By Lemma 6. ¢,. is a finite Blaschke
product. The proof is complete.

By Theorems 5 and 6, for some regular weight w, X = H® if and only if ¢,. is a finite Blaschke product.
Here, the researcher gives two examples.

Corollary 7. Let 0 < € < o, and ¢, be an analytic self-map of D. Suppose w is either (1 + €) or (%+
2€).

11
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B
(@) w(1—€) =€“ (logg) ,a>—1and B <0;

e a
(b)) w(1 —€) =exp (—,8 (log Z) ), a € (0,1]and B > 0.
Then, = H* if and only if ¢, is a finite Blaschke product.
Proof. By [1, (4.4) and (4.5)], the weights (a) and (b) are regular.

Suppose ¢, is a finite Blaschke product. By [13, Theorem 18 |, C,, : A}}¢ — Aj%¢is  bounded.
So, H*® c X. By Theorem 5, X ¢ H®. Therefore, X = H*®.

Suppose X = H™. By Bernouilli-I' Hopital theorem, both (a) and (b) meet the condition (ii) of
Theorem 6. So, if the researcher shows that (a) and (b) meet the condition (i) of Theorem 6, then ¢,. isa
finite Blaschke product.

Condition (a). When1 <e <0,let 0 = 1—: and
e(1—6(1+2¢+¢€?))
0]
c1+6(1+0) t1-6(+e

f2(6,1+¢€) =log ,(0<6<1,0<t<1).

Then

, 14 2€ + €2
f9(9,1+€)=—

1—-60(1+2¢+¢€?)

L 1te etlte | e(1—6(1+2¢+¢€?))
o 0]
1+0(1+e)) 21-0(1+e © e(1+6(1+e)
Suppose € > —1, and let
2 1- 9(1+6) (1—9(1+26+€2)) _ (a+e)(1-6(1+€))
g (0.1+e€) = fo 8,1+ €)= log——rms ( —oG+e) T
1—9(1+6)) lo e
1+6(1+€) 1-0(14€)
Then
fo(6,1+¢) =
_ ( 2(1+2e+€?) 2(1+€) ) _ (1+€)3-(1+¢€)? __20+e) o e _
1-0(1+2e+€2) = 1+6(1+¢€) (1—9(1+26+62))2 (1—9(1+e))2 & 1-60(1+€)
1 ((1+6(1+€)? 5 2
T (((1+ (0,1 + ) +2(1 + k(6,1 + e)),
Where
h?2(0,1+¢€)=(1+¢€)?>—(1+¢)3log — 6(1+ 5 (2+4e+2e)(1—0(1 + 2¢ + €?)
and
k%2(0,1+¢€) =log——— — 9(1 5 —(1+0601+e).
Since
, _ (1+9)3+1+e)*-20(1+€)°) ’ _
hy (0,1+4+¢€) = T >0,h%(0,1+¢€)=
1
(1+6)<—1+—1_6(1+6)) >0,

The researcher has
GO,1+€):(1+0(1+¢€)? gp(0,1+¢€)

12
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Is increasing on [0, 1] about 6. Since lim,_,, G(I,1 + €) = 4o, there existsa 0 < t < 1 such that
G(I,1+¢€)>0,forall (1+¢) € (r,).If (1+¢€) € (r,),byG(0,1+¢€) <0, thereisa
0< v(1+ €) < 1, such that

G(,1+¢€)<0,when0 <6 <v(l+e),

and
G(,14+¢€)>0,whenv(l+e€)<6<1.
Since

gb 6,1+ ) = 209

((1+6(1+€))2’
0,v(1 + €)) and increasing on (v(1 + €), 1]. Since

g(0,1+¢) = logg— (24+€)>0,andg(I,1+¢) = 2%6(2 +e— logg) < 0.
Sothereisa 0 < u(1 +¢€) < 1forevery (1 +¢€) € (z,1), such that, f2 = (6,1 + €) is increasing on
[0, #(1 + €)) and decreasing on [1(1 + €)). Since £2(0,1 + €) = f2(1,1 +¢€)

when (1 +¢€) € (1,1), g(8,1 + €) is decreasing on

e
=5
2
%g“)z 1,when (1+e€)€ ((r,1)and 0 <6 < 1.
It is obvious that
inf _f2(9.1+6)>0
(1+e)elo,z,6 €[0,1] logé
€
Therefore, the researcher has
log ee? logE
2
C, = inf 2€+ € € >0
1<e<0 logg
€

log —%€° 10g€)
w(@a+e(1—€))w(l —¢€) - 98 “ocr ez 98¢ <cP
w(l+e€) log S -
€
Since w € R, the researcher gets
O (P(1+6)(1-6)(D(1-€) w(Pa+e(1-6)(w(1-€)
- ~ ) (22)
B(1+€) w(1+e)
Therefore,
O(Prre(1—€)D(1—€) s@(1+e€),whenl<e<0.
Condition(b). Suppose 1 < € < 0. Since % > % > 1, when 0< « < 1, the researcher has

2 \@ a 4.2 \& a
log(553) +log () = 1o (5555) =108 (=)
So,when0 <a<1,8>0and w(l—¢€)=exp (—/3 (log _ie)a) the researcher has
W ((p(1+e)(1 — e)) w(l—-€)Sw(+e).
By (22), the researcher gets
O(Prre(1—€)D(1—€) s@(1+e€),whenl1<e<0.
The proof is complete.
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