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Abstract

Bounded and compact differences of two composition operators acting from the
weighted Bergman space Ag € to the Lebesgue space Ly*€, where 0 < e < oo and
wy, belongs to the class D of radial weights satisfying a two-sided doubling condition,
are characterized. On the way to the proofs a new description of (1 + €)-Carleson
measures for AyF2€, with € > 0 and w,, € D, involving pseudohyperbolic discs is
established. This last-mentioned result generalizes the well-known characterization of
(1 + €)-Carleson measures for the classical weighted Bergman space AL*2¢ with
0 < e < oo to the setting of doubling weights. The case w,, € D is also briefly
discussed and an open problem concerning this case is posed.

Keywords.Bergman space, Carleson measure, doubling weight, composition operator.
Introduction and Main Results

Each analytic self-map ¢, of the unit disc D = {z € C:|z| < 1} induces the
composition operator C, , defined by Y. C, fn =X fin © @m, acting on the space
H (D) of analytic functions in ID. These operators have been extensively studied in a
variety of function spaces, see for example [4, 24, 25, 29]. Some studies on
topological properties of the space of composition operators attracted attention
towards differences of composition operators. The question of when the difference
Cyp,, — Cy,, Of two composition operators is compact on the Hardy space H'*¢ was
posed by Shapiro and Sundberg [26]. Differences of composition operators have been
studied ever since by many authors on several function spaces, see, for example, [11,
3, 6, 10]. In 2004, Nieminen and Saksman [14] showed that the compactness of
Cyp,, — Cy,. 0N the Hardy space H'*€, with 0 < € < oo, is independent of (1 + €). By
using this, Choe, Choi, Koo and Yang [2] then characterized compact operators
Cy,, — Cy, On Hardy spaces by using Carleson measures in 2020. Further,
Moorhouse [12] characterized the compactness of C, — Cy on the standard
weighted Bergman space AZ_,. Saukko [22, 23] generalized Moorhouse's results by
characterizing the compactness from AL*$ to A3}2¢ if either € > 0, or € > 0. Very
recently, Shi, Li and Du[28] extended Saukko's results for the complete range
0 < € < oo and to higher dimensions.

In this paper we are interested in the compactness of C, —Cy on weighted
Bergman spaces induced by doubling weights. We proceed with necessary definitions.
For 0 < e <o and a positive Borel measure v,,on D, the Lebesgue space Ly'¢
consists of complex valued v,,,-measurable functions f,,, on D such that

1 0= [ D U@ i) <0
m D

If v,, is continuous with respect to the Lebesgue measure, that is, dv,,(z) =
wm(2)dA(z) for some non-negative function w,,, then we adopt the notation
Lyre = Lire without arising any confusion. For a nonnegative function w,, €
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L1([0,1)), its extension to D, defined by w,,(z) = w,(|z|) for all z € D, is called a
radial weight. For 0 < € < o and a radial weight w,,, the weighted Bergman space
Ayre consists of analytic functions in L €. As usual, AL*S stands for the classical
weightedBergman space induced by the standard radial weight w,,(z) =
(1 —|z|*)¢1, where 0 < € < . For the theory of these spaces consult [5. 8].

For a radial weight w,,, write &,,(z) = flil Y, wn(s)ds for all z € D. In this paper
we always assume @p,(z) > 0, for otherwise A}}¢ = H (D) for each 0 < e < c0. A
radial weight w,, belongs to the class D if there exists a constant C = C(w,,) > 1

such that @,,(1 +¢€) < Copy, (@) for all —1 < € < 0. Moreover, if there exist

K = K(wp) > 1and € = C(ay) > 1 such that @y, (1 +€) > Cay (1 — 52) for

all =1 < e <0, then we write w,, € D. In other words, w,, € D if there exists
K =K(wy) > 1and €' = C'(w,,) > 0 such that

1_1—(1+e)

: Zwm(1+e)d(1+e), —1<e<0

B, (1+6€) < c’f

1+€
The intersection D N D is denoted by D, and this is the class of weights that we

mainly work with. For recent developents on Bergman spaces induced by weights in
D, see [17] and the reference therein.
In this paper we consider compact differences of two composition operators from the
weighted Bergman space Agf¢ to the Lebesgue space L3'?¢ when 0 < e < coand
w,, € D. To state the first main result, write

8, (2) = Ym(2) — om(2) ’
1= Ym(2)om(2)
The next result generalizes [23, Theorem 1.2] to the setting of doubling weights.
Theorem 1.Let 0 < € < oand w,, € D, and let v,, be a positive Borel measure on D.
Let ¢,, and vy,, be analytic self-maps of D. Then the following statements are
equivalent:
(i) Cp,, — Cy, : ALH2€ — Li*€is bounded;
(ii) Cp,. — Cy, s ALt = L3}F€ is compact;
(iii) 6,,C,,_ands,,Cy,  are compact (or equivalently bounded) from Aj+2€ to LiF€.
The proof of Theorem 1 is organized as follows. We first show that C, — Cy, is
compact if &,,C,,  and &,Cy are bounded. The proof of this implication is

straightforward and relies on the fact that the norm off,, € H (D) in Ai;;fe IS
comparable to the Li;2€-norm of the non-tangential maximal function N(f,,)(z) =
SUP¢er(z) | fm (DI, where

[q

1 . _
I'(z) ={{ € D: |6 — arg{| <§(1—1+€>}, z=(1+¢€)e? e D\ {0},
IS a non-tangential approach region with vertex at z. Then, as each compact operator
is bounded, the proof boils down to showing that 6,,,C,, and 6,,Cy, ~are compact
whenever C, — Cy, is bounded. This part of the proof is more laborious. We first
observe that for each p-lattice {z;} the function

1— |z \" 1
en Y Yaror ()
X k (

wm(T(zk)))ﬁ

aA
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belongs to Ag'2¢ for all (a+€), = {(a+e)i} € £1*2€ and its Ag'2¢-norm is
dominated by a universal constant times || (a + €),, ll,1+2e. Then we use this function
for testing and apply Khinchine's inequality. After duality arguments we finally arrive
to a situation where we must understand well the continuous embeddings Agf?€ c
L}Jf- Recall that a positive Borel measure u,, on D is a (1 + €)-Carleson measure for
Ayt2e if the identity operator [:A}t?€ — L1*€ is bounded. A complete
characterization of such measures in the case w,,, € D can be found in [18], see also
[15, 16, 19]. In particular, it is known that if € > 0and w,,, € D, then u,, is a (1 + €)-
Carleson measure for A;;"2€ if and only if the function

dim (2)
o f _GmlZ) 1.1)
. r@ Z W (T(2))
belongs to L7"*~%*9. Here and from now on T(z) = {{ € D:z € T({)} is the tent

induced by z € D\ {0}. Further, w,,(E) = fE Y w,,dA for each measurable set
E c D. Observe that in (1.1) we may replace the tent T'(z) by the Carleson square
S@)={¢:1—-|z|<|[{| <1, |arg{ —argz| < (1 —|z|)/2} because w,,(T(2)) =
wn(S(2)) forall z € D\ {0}if w,, € D. To complete the proof of Theorem 1 we will
need a variant of the above characterization of Carleson measures in the case w,, € D.
Our statement involves pseudohyperbolic discs and an auxiliary weight associated to
wy. The pseudohyperbolic distance between two points a and (a + €),, in Dis
pla,(a+€)y) =|(a—(a+€)yn)/(1—ala+e€)y,)| For aeDand —1<e<1,
the pseudohyperbolic disc of center a and of radius (1 +¢€) is A(a,1+¢€) ={z €
D:p(a,z) <1+ €}. Itis well known that A(a, 1 + €) is an Euclidean disk centered at
1-1+e)HDa/A1-(1+6€)?al® and of radius (1 —]a|>)(1+¢€)/(1-
(1 + €)?|al?). We denote @,,(z) = @,,(2)/(1 — |z|) for all z € D and note that

I fon Nazr2e=Il fin Nagize,  frn € (D), (1.2)
provided w,, € D, by [17]. Our embedding theorem generalizes the case n = 0 of
[11, Theorem 1] to doubling weights and reads as follows.
Theorem 2.Let 0 < € < coand w,, € D, and let u,, be a positive Borel measure on D.
Then the following statements are equivalent:
(i) pmis a (1 + €)-Carleson measure for Ag;+>€;
(ii) I: AL"2€ — L€ is compact;
(iii) the function

Hm(A(z,1 +€))
wm(S(2)
1+2€

belongs to L2 *97%*¢ for some (equivalently for all) —1 < e < 0.
m
Moreover,

G)P“l’m (z) = z €D\ {0},

1 w 1+2€

+ m||(1+2e)—(1+€)

T Wt = 007 7207079, (13)

1+2€ 1+2€
(14+2e)—(1+¢€) (14+2e)—(1+€) ;

We may not replace La)m by L, in part (iii) of Theorem 2. A counter
example can beconstructed as follows. Write D(z,1+¢€) for the Euclidean
disc{¢:|( —z|<1+¢€}. Let (1+¢€),=1-2"" and A, =D(0,(1+€)ps1)\
D(0,(1 + €),,) for all n € N. Pick up an w,,, € D such that it vanishes on A4,,, for all
n € N. A simple example of a such weight is },enXa4,,,,- Then choose p,, such that
for some & > 0 its support is contained in the union of the discs A(a,, €) which have

19
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the property that for some fixed —1 < e <0 we have A(z,1+¢€) c A,, for all
z € A(ay,, €) and for all n € N. The choice a,, = ((1 + €)2, + (1 + €)2n41)/2 Works
if —-1<e<0ande=e¢g(1+¢€) >0 are sufficiently small. Then, for such an (1 +
€), the norm [|©,™| _ 1+2c  vanishes and thus it cannot be comparable to

(1+2¢e)—(1+¢€)
wm

ii@,‘fr;”iiL 1+2¢  Which is non-zero if p,, is not a zero measure because @,, is
(1+2¢)-(1+e€)
wm
strictly  positive. Moreover, by choosing u appropriately the norm

|©umll, _ s2e  can be made infinite.
@m(1+2¢e)—(1+€)

The second main result of this study concerns the case when e > 0and w,, € D. It
completes in part the main result in [10] which concerns the class D only. An
analogue of this result was proved for the Hardy spaces in [27]. Therefore Theorem[3
takes care of the gap consisting of small Bergman spaces that exists between the
Hardy and the standard weighted Bergman spaces.

Theorem 3. Let 0 < € < ooand w,, € D, and let v,,, be a positive Borel measure on
D. Let ¢, and i, be analytic self-maps of D. Then C, — Cy, :ALFS — Lyt2€ is
bounded (resp. compact) if and only if §C,, and &,,Cy, are bounded (resp. compact)
from A}F¢to L2,

If e = 0 then the boundedness (resp. compactness) of 6,,,C,,  and 6,,,Cy,  implies the
same property for C,, — Cy, by Proposition 4 below. Further, Proposition 5 below
shows that C,, — Cy, is compact if §,,C, and 6,,Cy, ~are bounded when e > 0.
But we do not know if the boundedness of C, — Cy implies that of §,,C,, and
OmCy, If Wy € D \ Dif € > 0. The methods used in this paper do not seem to give
this implication and hence this case remains unsettled. The rest of the paper is
organized as follows. In the next section we consider Carleson embeddings and prove
Theorem 2. The sufficiency of the conditions on 6,,C,, = and 8,,Cy, = are established
in Section 3.while Section 4 is devoted to their necessity. Finally, in Section 5 we
indicate how our main findings on C,, — Cy, ~ follow from these results.

To this end, couple of words about the notation used in this paper. The letter C = C(-)
will denote an absolute constant whose value depends on the parameters indicated in
the parenthesis, and may change from one occurrence to another. We will use the
notation a < (a + €),, if there exists a constant C = C(-) > 0 such that a <
C(a+€)y,, and a = (a + €),, is understood in an analogous manner. In particular, if
as(a+eée)yand a = (a+ €),, then we write a = (a + €),, and say that a and
(a + €),, are comparable.

2. Carleson Measures

If w,, €D, then there exist constants 0 < a = a(w,,) <L = B(wy) <

oo and C = C(w,,) > 1 such that
l(l—(1+€)>a By (14 €) C(l—(1+e)
C\1-(1+2¢)) ~&,(1+2¢) > \1-(1+e
In fact, these inequalities characterize the class D because the right hand inequality is
satisfied if and only if w,, € D by [15, Lemma 2.1], while the left hand inequality

describes the class D in an analogous manner [17, (2.27)]. The inequalities (2.1) will
be frequently used throughout the paper.

B
> , —1<e<0.(21)
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Proof of Theorem 2.If p,, is a (1 + €)-Carleson measure for Ag?€, then I: Aj2€ —
L€ is automatically compact by [19, Theorem 3(iii)]. Therefore it suffices to show
that (i) and (iii) are equivalent and establish (1.3).

1+2€

Assume first ©,™ ELS);ZE)_(HE) for some —1 < e < 0. The subharmonicity of

| fin|**€, Fubini’stheorem,Holder's inequality and (1.2) imply
I fn Wpise

(D)1
f 2. (Lme) SRR dA(O) A (2)

1+€ m(f) >
= [ 2L @t aa ) dune
m A ! . +€ w
<fDZ|fm(c)|“26“ (BG1+9) 5 an) < N UflifEcO2r | saze

( )—(1+¢€)
m(S({)) L;;k 1+e
_ 1+42€ 1+22€
= QWb sz o i € AL
wm
Therefore w,, is a (1+e)-Carleson measure for ALr2¢and || I IIi5ec  14eS
m wn1_%Lﬂﬂ1
1] w n
10, "l 1+2¢

Lommrzo-are

Conversely(, as)su(me) that p,, is a (1 + €)-Carleson measure for AgF?c. Then (1.2)
shows that u,, is also a (1 + €)-Carleson measure for A}Tj;je and the corresponding
operator norms are comparable. Further, since w,, € D by the hypothesis, an
application of (2.1) shows that @,,, € D. Therefore [18, Theorem 1(a)] implies

1+2€
14+2€ (1+26)—(146€)
d (1+2€)—(1+€)
oIt = | Y| s Hon6) Bn(2)dAE) < o,
L(1+26) a+e) rz @m(T(0))
where

I'(z) = {{ € D:|arg{ —argz| < ;(1 —%)} z €D\ {0},

IS a non-tangential approach region with vertex at z. Further, by [19, Theorem 3(iii)]

we have Il'1 "jli_fze L1+e~ ”me” 1+2€

(1+26) (1+€)

Let now —1 < e < 0 be given. For e>0and zeD\D (0,1 —%)Write zg = (1 -
(1+e)(—|z]))e? 8% Pick up 1+e)=0+€e)(1+€)>1 and (1+ 2¢) =
(1+2e)(1+¢)€ (1 - % 1) sufficiently large such that A(zk, 1 + €) c I'(z) for all
z €D\ D(0,R). Straightforward applications of the left hand inequality in (2.1)
show that @,,(T({)) S w,(S(()), as [{| =17, and @O, (2) S &y, (2zg) for all
z€ D\ D(0,R). In an analogous way we deduce w,,(S({)) S w,(S(zx)) for all

{ €A(zg,14+€) and ze D\ D(0,(1+ 2¢)) by using the right hand inequality.
Therefore
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dum (§) \a+zo-Gre
o >|I ||11626 e f (f — O (2)dA(2)
Al Ll D\D(0,R) \YA(zg,1+¢€) wn(T()) ™

1+2€

tm(B(zg, 1+ €))\TH29-G39
J-D\D(O R) ( wm(S(zx)) > D (2x)dA(Z)

v

1+2€

|0 (2) |79~ ()dA(2)

f]D)\D(O,l—K(l—R))

1+2€

It follows that @;‘L’m € [+20-0+0 4
m Om
1+€ o
(A =B, ™ 1+42€ @ 1+2¢
A= Liim 2 1B [F20-(1F9 Z [0l [G720-GFo

3. Sufficient Condltlons

In this section we establish sufficient conditions for C, — C, : AL - L372€ to be
bounded or compact. All these results are valid under the hypothesis w,, € D despite
the main results stated in the introduction concern only the class D. We begin with the
case € = 0.

Proposition 4. Let 0 < € < coand w,, € D, and let v,,, be a positive Borel measure on
D. Let ¢, and iy, be analytic self-maps of D. If ,,C, and §,,Cy, are bounded
(resp. compact) from Aj¢to Lyt2€, then €, — Cy, A”f — L3;72€ is bounded (resp.
compact).

Proof. We begin with the statement on the boundedness. Let first e > 0. Let f,,, €
Agtewith |l £, lagre< 1. Fix =1 <€ <0, and denote E = {z € D: |6y (2)| <1+ €}
and E' =D \ E. Write

(C‘Pm - Clpm)(fm) = (Cq’m - Clpm)(fm)XE’ + (C(Pm - Cwm)(fm)XE’
and observe that it is enough to prove that the quantities

"(C(pm - Clpm)(fm)XE'"L%ne and ”(C(pm - Cwm)(fm)XE "L11/+25 (3'1)

are bounded.
We begin with considering the first quantity in (3.1). By the definition of the set E we
have the estimate

3 1Con = o) it < 1z (B | + B i), 32

on . Since the operators &,,Cy, and 6 mCyp,,, both are bounded from A} to Ly*2€
by the hypothesis, the first term in (3.1) is bounded by (3.2).

We next show that also the second term in (3.1) is bounded. Let u,, be a finite
nonnegative Borel measure on D and h,, a measureable function on D. For an
analytic self-map ¢,,of D, the weighted pushforward measure is defined by

@G t) D= | 5" iy (33)
oM

for each measurable set M c D. If u,, is the Lebesgue measure, we omit the measure
in the notation and write (¢,,).(h,,)(M) for the left hand side of (3.3). By the
measure theoretic change of variable [7. Section 39], we have [|6,.Co,, (i) 142c =

ol e : for each f,,, € A;;¢. Therefore the identity operator from A€
Pm)«(|dml1+2€y,,
to Lt is bounded by  the hypothesis.Hence

(‘Pm)*(|5m|1+zevm)
(Pm)«(8m ] 2 V) (A, (1 + 26))) S wpr(S(§)) T+ for all {e D\ {0} by [18,

A
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Theorem 1(c)]. Further, by 10 , Lemma 3], with w,, = 1 and € = 0, there exists a
constant C = C((1+€),(1 + €),(1 + 2¢€)) > 0 such that

1+26 P( a)1+6 1+e
() = fn@) D In@IF€dAR), a€D, z
(1_| D A(a,1+2€)
€ A(a,1+¢€),
forall f;,, € Ayt with |l £, ||A5;5< 1. This and Fubini's theorem yield
1+2€

"(Cwm Cwm)(ﬁn)Xf"Luqe

= | D Vn@n(@) ~ @) V()

|6 (Z)|1+ZE 1+2€
f Z 1 = lpm(@))? (om(2),1+2€) 1 dAQ)vm(2)dA()
<J, im0 (f (ogaszoyne A lon@D? mOUE [HAQ)

(34)
1+2¢ |8(2)|"+2¢
stZIfm(E)I (f A (agasze) A= KD2 vm (2)dA(2) |dA(Q)

) eze (). 18250, (MG, 1+ 26))
= | D1 T

1+2€

eSO ) e
S | D U@ PTG A@) = [ N @1 ©).

Standard arguments show that um(S(a)) < wm(S(a))% forall a € D \ {0}. Hence

1+2¢

[18, Theorem  1(c)lyields  XJI(C,, — cwm)(fm)xEIIL1+ze ST fin Igize S|
> fm Iljiff. Therefore also the second term in (3.1) is bounded. This finishes the

proof of the case € > 0.
Let now € = 0. By following the proof above, it suffices to show that

(@m)«(8m | "> vin) (A, 1 + 26)

jz m/«10m (1_’;‘('52 )dA(() SZwm(S) (3.5)
for every Carleson square S c . By the hypothesis, the identity operator from Ag;*e
to L((p )< (18m1*+2€v,) is bounded, and hence (@) .(|8m] 26V (S) S wp(S) for all
S by [18, Theorem 1(b)]. But for each positive Borel measure u,,on D, Fubini's

theorem yields

i (A, 1+ 26))
fs(a) a—jpz “©

dA({)
= aA=1en2 dum(2)
(2€D:S(Q)NA(z,1+2€) %0} s@naii+2e) (L= 1<)

dA({)
< fs((a+e)m> 2. (L() a- |c|)2> (@) = in(S(@+ M) 1) 5 (142630
where(a + €),, = (a+ €);,(a, 1+ 2¢) € D satisfies arg(a + €),, = arga and
1—|(a+é€)yl =1—]al for all a € D\ D(0,1+ 2¢). By applying this to p, =
(@m) (|6 %€ v,,,) and using the hypothesis w,, € D we deduce

dA({)

Yo
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(@m)-(18m] " vin) (A, 1 + 26)) e
L@Z (1-KD? AAQ) S ) (). (8l v (S((a+ )
<D 0n(S(@+ ) S Y wn(S@), lal > (1+26),

This estimate implies (3.5), and thus the case € = 0 is proved.
To obtain the compactness statement, it suffices to show that the quantities

ii(C<Pm - C¢m)((fm)n)XE’iiL11/+26' and ii(C<pm - Clpm)((fm)n)XE iiL11/+25 (37)
tend to zero as n — oo for each sequence {(f;,)nlnen in AgHS Which tends to zero
uniformly on compact subsets of D as n — oo and satisfies [[(f)xll j1+e < 1 for all

n € N. Since 6,,,C,,, and &,,,Cy, ~are compact from Ag'€ to L}+2€ by the hypothesis,

an application of (3.2) to f,, = (f;)» Shows that the first quantity in (3.7) tends to

zero as n — oo. As for the second quantity, observe that (3.4) implies
nl+2€

zii(cqlm - Clpm)((fm)n))(E”L%;lze

vine @) (1029, ) (MG, 1 +26))
< | DIt iy 4O men 69

H H H H 1
Let first e > 0. Since the identity operator from Ag'€ to Lo, (16m 12V )IS compact

1+2€

by the hypothesis, we have (@m).(I8ml" Vi) (S(0))/wm(S({)) T+ > 0 as
|| — 17by [19. Theorem 3(ii)]. Now, for each { € D \ {0} pick up ' =¢'({, 1+
2¢) € D such that arg{’ = arg{,A({',1+2¢) c S(¢{)and 1 —|{'| =1 — || for all
¢ €D\ {0}. Then

Z (Pm) U8l V) S@) z (@) (18m |+ 2 V) (A", 1 + 26))

1+2€ 1+€

a)m(S(()) 1te 1+2 fl)m(s(())ﬁ
2 3 Ul mOE1+29) gy
a)m(s(( )) 1+€

and hence supepy o) (). (18l "2V ) (A, 1 + 26)) /e (S(O)) 7€ < o0 and, for
a given €>0, there exists n= n(e) € (0,1) such that

Z(@m)« (18m] 2 v) (A, 1 +2€))/wm(5(5)) we <e for all ¢ eD\DO,).
Further, by the uniform convergence, there exists N = N(&,n,1 + 2¢€) € N such that

|(fr)nl1T2€ < € 0n D(0,7n) for all n > N. These observations together with the proof

of the boundedness case and (3.8) y|eId
1+2€

z ” (Cq)m - Cwm)((fm)n)XE ||L1+ze

(18,1260, (AL, 1 + 2 (S(Q)) e
z(q) )- U8l V) (A, 1 + 26)) (@122 1(_(Z)) i
eDOM\O) wm(S(Q))Tre D(OM) (=1

m 5 1+2¢ ' A 142 Wy
N (@m) (|6 [ ¢, )(+(5 + 2¢)) (o) (D142 1( (O) i
€EID>\D(0 ) wm(s(g)) ite DAD(0,) a-1n

a)m(S(()) 1te s
S 8-[]])) (1- KDZ dA(() +e Z"(fm)n"A1+e <sg n>N.

Thus also the second quantity in (3.7) tends to zero as n — oo in the case € > 0.
Finally, let e =0. The compactness of the identity operator from Az'¢ to

Lt;;)*(wmﬁﬂvm) implies (Qom)*(ldm|1+6Vm)(5(5))/wm(5(c)) -0 as |[¢| - 17by

<

dA({)

~dA(Q)
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[19, Theorem 3(ii)]. By following the proof above the only different step consists of
making the quantity

- e @) (18] V) (AL, 1 + 26))
](n) f]D)\D(O,n) Zl(fm)n(()l (1 — |(|)2 dA(()

small, uniformly in n, by choosing n € (0,1) sufficiently large. But an application of
[18, Theorem 1(b)] together with (3.6) yields
1+e€
) S NI (@) (18" vin) (S((a + €)m) \ D(O, m)
@m (g+€), €D\{0} wm(s((a + E)m))
Standard arguments can now be used to make the right hand side smaller than a
pregivens > 0 for n sufficiently large by using (@,).(|6m|  v)(S(0))/
wm(5() =0 as [{| = 17, see, for example, [16 pp. 26-27] for details. This
completes the proof of the proposition.
The next result is a counter part of Proposition 4 in the case € > 0.
Proposition 5.Let 0 < € < ooand w,, € D, and let v,,, be a positive Borel measure on
D. Let ¢, and 1y, be analytic self-maps of D. If §,,C,, and §Cy, = are bounded from
ALr2eto Lyte, then €, — Cy, 1 AF2€ — L is compact.
Proof. Let {(f,,)»} be a bounded sequence in A%}2€ such that (f,),, — 0 uniformly
on compact subsets of ID. Since &,,,C,,  and &,,Cy, are bounded from Aj}2€ to Li+€
by the hypothesis, they are also compact by [19, Theorem 3(iii)], and therefore

1m " (18 Fodn (@)l gse + 18 Frdn @l e ) = 0. (3.9)
Let -1 <e<1,and denote E ={z€D:|6(z)|<1+e€}and E' =D\ E. To prove
the compactness of C,,  — Cy, : A"2€ — Li*€, it suffices to show that

tim > (I(Cp = G ) U lyge + 1(Cop, = G ) D)ol 30c) = 0

since

1+€

Do = Co ) Ul
= 2 I(Con = Cn ) Ut e

1+e€

+ Z”(C(pm - Cwm)((fm)n)XE’"L}ﬁe'
By using (3.2) and (3.9), it is easy to show that

m 3 1o = € ) Uit ] ge = 0
Further, by (3.4), we have
1+€

z ” (Cq)m - Cllim) ((fm)n)XE ”L,l,:;f

(@m)([8m | " Vi) (A(G, 1 + 26))
S [ D 1Gnrretreiin s aA@).
D -1
Let € > 0. Since the identity operator from Ai;;ff 10 L. (16m|+vm) is bounded by
the hypothesis, [19. Theorem 3(iii)] and the dominated convergence theorem imply
the existence of an (1 + 2€), = (1 + 2€),(¢) € (0,1) such that

14+2€
c(1+26)-(1+¢)

(@m)+ (B | vim) (A({, 1 + 26))
d d
JD 2 Omz)\m on(TO)(A — [T)? A(O) on(2)dA@)

1+2€

< g+2e)-(1+e) (3_10)
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Further, by the uniform convergence, there exists N = N(¢) € N such that

1
|(fr)n(2)| < e1+e forall n > Nand z € D(0, (1 + 2¢€),). Therefore, forall n > N, by

Fubini's theorem, Holder's inequality, [16. Lemma 4.4] and (3.10), we have
1+e€

D MCpy = ) Gl

(@m)(|8m ] Vi) (AL, 1 + 26))
S E mn 1t+e dA
s <fD(0 (142€)9) * fl\D(O (1+2€)0)> l(f ) (Ol (1 - KDZ (O

) 5m 1+e ' A ’1 2
se+ | Z(f @ Ond U )AL ¢ 6))dA<o)wm(z)dA(z>
) I'(2)\D(0,(1+2€)o)

wm (T = [¢)?

he (@) (I8 Vi) (A, 1 + 26))
<e+ fD zN((fm)n) (2) (fr@\m o (TN = [ dA(()) W (2)dA(2)

<e ) (L+INIRe) = &

Therefore limy,,e X|[(Cy,. — Cyp, ) () n) XE "L%?',f =0, and thus C, —Cy, is
compact from Ag;}2€ to Ly*e.

4. Necessary Conditions

In this section we establish necessary conditions for C,, — Cy, :A3t2€ = L3F€ to be

bounded or compact. In the case € < 0 we work with the whole class D, but the
arguments employed in the case € > 0 rely strongly on the hypothesis w,, € D. We
begin with the case € < 0.

Proposition 6. Let either 0 < € < oo and w,,, € D or € = 0and w,, € D, and let v,,, be
a positive Borel measure on D. Let ¢, and ,, analytic self-maps of D. If C,, —
Cyp,,: Abr2€ = L3*€ is bounded (resp. compact), then 6,,,C,,  and 8,,,Cy, = are bounded
(resp. compact) from A3 2€to Lite.

Proof. Let first e > 0and w,, € D. We begin with the boundedness and show in detail
that &,,C,, _ is bounded from Ag}¢to Ly 2€. For each a € D, consider the function

1- 1
(fm)a(2) = < IaZI> Z wn(S(a)) 1+e, z €D,

induced by w,, and 0 < € < oco. Then [15, Lemma 2.1] implies that for each y =
¥ (wm, 1 + 2€) > 0 sufficiently large we have [[(fin)all j142¢ = 1 for all a € D. Fix

such ay. Since C, — Cy, is bounded, we have
1
U= D Wmdalliisze 2 ) 1Cop, = Cp ) Urddlpre

1—|a| y 1—1la] V[ v
d
f Z‘ 1 —a<pm(z) (1 —dlljm(z)) wm(S(a))% A(z)
1-lal @91 1= agn@V[_ vn@
J Z|1 apm,(2) _(m) mcm(z).

According to [22, p. 795], for each 0 < € < oo and —1 < € < 0 there exist a constant
C=C(y,1+¢€) > 0suchthat

1—az \’
1—aw,,

An application of this inequality gives
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1z | AT, @da)
7 (0@1+0) = (o (5(@)))i73e
e S @ Ul ) (8 1 +0)
(m(S(2)))v5

It follows that (¢,,). (|8 vy, is @ bounded (1 + €)-Carleson measure for Ag'2
by [18, Theorem 1(c)], and hence &,,C,, : A3 2€ — Li+€ is bounded. The same
argument shows that also &,,,Cy, = is bounded.

For the compactness statement, first observe that (f;,), tends to zero uniformly on
compact subsets of Das |a| » 17. Then, if C, —C, is compact, we have

limgo1- 2(Cp,, — Cwm)((fm)a)"Lm = 0. By arguing as above we deduce
y ()« (Il Vi) (A(a, 1 + €))
Jm ). =0

1+€

(W (S(a)))r+ze
Therefore 8,,C,, : Ayt = LF€ is compact by [19. Theorem 3].The same argument
shows that also 6,,,Cy, ~ is compact.
Let now € = 0and w,, € D. The statement follows from the proof above with the
modification that [10. Theorem 2], valid for w,,, € D, is used instead of [18. Theorem
1(c)] and [19.Theorem 3]. The only extra step is to observe that for each w,, € D
there exists 1+ ¢ = (1 + €)(w,,) € (0,1) such that w,,(S(a)) = wy(A(a, 1+ €))
for all a € D\ {0}. This follows from (2.1). With this guidance we consider the
proposition proved.
The next result establishes a counter part of Proposition 6 when € > 0.
Proposition 7. Let 0 < € < oand w,,, € D, and let v,,, be a positive Borel measure on
D. Let ¢, and i, be analytic self-maps of D. If C, —Cy, :ALt*€ - L3¢ is
bounded, then &,,C,,  and §,,,C,, = are both bounded from A;2to Ly;*€.
Proof.Let {z,},en be a p-lattice such that it is ordered by increasing modulii and
z # 0 for all k. Then by [21, Theorem 1] there exist constants M = M(1 +
26, wy,) >1and C = C(1 + 2€, w,,) > 0 such that the function

M
Fm(z)=z Z(a+e)?(1:|;kzl) ! ——, Z€D,
‘ L an(r@0))
belongs to A€ and satisfies ¥ Il Fy, llzsrze < CY Nl (a+ €)y lli+2¢ for all (a+
m = {(a+ )} € £1+%€. Since C, —Cy A€ - [3F€ is bounded by the
hypothesis, we deduce

I (@ + €)m e

2 Fp 3152 f z |(Cppy = i) © En@| ™ dvm(2)
m D

[ 35 wror((rmm) () )
b4 |4 “\1-Zeon(2) 1=z (2) (w(rCz )))1325
k
We now replace (a+ €)i'by (a+ e)7t(1 + €)i (1 + €), integrate with respect to
—1 < e < 0, and then apply Fubini's theorem and Khinchine's inequality to get

1+e

dvp,(z), (a+é€), € £112%,
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M
I (@+ €y 156 f Z (Z (@ +e)m? ( Zk(lpzkl(z)>
> > dvp(2), (a+é€),, € £1+%€.

B ( 1- |z )”’ ’
1-7% m 1+2€
ZiPm (2) (wm(T(zk)))

By applying (4.1) and the estimate |1 —Z,z| = 1 — |z,/|, valid for all z € A(z, p)
and k € N, we obtain
Z ‘ 1— |zl
—Zk<Pm(Z)

3ot (et |
1 — Zrom(2) 1= Z P (2)
|Zk|

212l ) @ [
|zk|Z|6m(z)|x¢, (o) @, ZED, ke,

1

M

o M
=) |

X o35 (8zip) (2D

and hence

I (@t O MR |z (Z @
D
k

1+€

1
+ P[5 (2)]? zx¢m1(A(zk,p))<z)> AV (2). (4:2)
(wm(T(Zk)))1+25
If € > 0 then the inequality ¥, c}* (ch]-)x,valid forall ¢; > 0 and x > 1, imply

I (@ + €)m e

=] Z(Z (@ + 1|8 (@] 5z g (A(zk,,»(z))dvm(z) “3)

(a)m(T(zk)))ms
To get the same estimate for —2 < e < 0 we apply Holder's inequality. It together
with the fact that the number of discs A(z;, 1 + €) to which each ¢,,(z) may belong
to is uniformly bounded yields

f Z(Z (@ + O[] ()| ——————= xwm(A(zk,,»(z))dvm(z)

(wm(r<zk>))““
J_lte

f Z (Z @+ R PISm (@D —————=
<Z Xw:nl(A(Zk.p))(Z)> dvm(2)
3
f Z(Z [(@+ R 28m(2)|* ———— Xy (A(ka))(z)> Avy, (2)

((,()m(T(Zk)))1+ZE
Thus (4.3) holds for each 0 < € < 0. By usmg Fubini's theorem we now deduce
I (a+ O IS 2 Z D+ opre——— 16(2) [ vy (2)

1+€
2

7 Xomt (A, 1+e))(z)>
(wm (T(Zk)))Hze

1+€

(an(rC))™ f"’m (80)

z z @+ e (@) (16, |1+Evm)(A(Zk p)), (a+e), € e,
(an (T

Therefore the sequence

VoA
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1+€

(wm(T(Zk)))m
14+2€ey * 1+2€

belongs to ({’F) =~ fa+2e)-(1+e) and consequently

Z Z <(<Pm)*(|5mll+EV)(A(zk,p))) <o
4 Tre

(o (TG))™
Pick up an 1+e=(1+¢€)(p) € (0,1) such that A(z,p) c A(z,, 1+ ¢€) for all
z € A(z, p)and k € N. The right hand inequality in (2.1) shows that &,,(z) =
Om(z) and 0, (S(2)) = wn(S(z;)) forall z € A(zy, p)and k € N. Then, as {z; }xen
is a p-lattice, we deduce

J <(‘pm)*(l6m|1+evm)m(z'p))>mam(z)d/4(2)

Z (‘pm)*(|5m|1+evm)(A(Zkr p))

keN

W ($(2))

_ @) (16, [0 ) (A (z, p))\TFO-GF0 _
- Zk: fA(zk.p) Z( Wy, (5(2)) ) W (2)dA(2)

((pm)*(|8m|1+€vm)(A(Zk' 1+ 6)) (1+21:).351+5) ~
s Z Z( GER) ) B2 (= |2

1+2€

(1+26)-(1+€)
(@m)- US| Vi) (A(z1, 1 + €))
3 z( )

(0 (S(z0)))

1+2€

(1+2€)—(1+€)
Z Z (((pm) (|6m|1+6 m)(A(Zk p))) < oo,

(wm(T(z ))“2‘
Therefore (¢,).(18,1**v,) is a (1 + €)-Carleson measure for A3"2€ by Theorem 2 For
the same reason, (¥,,,). (|8, *¢v,,) is a (1 + €)-Carleson measure for A}L;;ff. The proof is
complete.
5. Proofs of Main Theorems
Here we shortly indicate how the main results stated in the introduction easily follow
from the propositions proved in the previous two sections.
Proof of Theorem 11 The theorem follows by Propositions 5 and 7 Namely, if §,,C,,
and 8,,C,,, are bounded from Ai}Z¢to L}*€, then C,, — Cy,.: AL2€ — Li}F€ is compact, and
thus bounded as well, by Proposition 5. Conversely, if ¢, —C,, :AL"2 - i€ is
bounded, then 5,,C, and 6,C,  are bounded by Proposition 7
Proof of Theorem 3 The theorem is an immediate consequence of Propositions 4 and 6.
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