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Abstract

It is known that the L,,.-curvature of a smooth, strictly convex body in R2*€ is
constant only for origin-centered balls when 1 # (1 +¢€) > —(2 + €), and only for
balls when e = 0. If € = 0, then the L_(;4¢)-curvature is constant only for origin-
symmetric ellipsoids. Mohammad N. lvaki[27] prove 'local' and ‘global’ stability
versions of these results. For e = 0, we show by following [27] the global stability
result: if the (K + €),4.-Ccurvature is almost a constant, then the volume symmetric
difference of K and a translate of the unit ball B is almost zero. Here K is the dilation
of K with the same volume as the unit ball. For € < 1, we show a similar result in the
class of origin-symmetric bodies in the L2-distance. In addition, for —(2 +€) <1+
€ < 0, we show a local stability result: There is a neighborhood of the unit ball that
any smooth, strictly convex body in this neighborhood with 'almost' constant L, -
curvature is ‘almost' the unit ball. For e = —3/2, we show a global stability result in
R? and a local stability result for € > 0 in the Banach-Mazur distance.
Keywords:L, . curvature function, L, .. Minkowski inequality.

Introduction

A convex body is called compact convex subset of R?*€) and (2 + €)-dimensional
Euclidean space, with non-empty interior. The set of convex bodies in R?*€ is
denoted by % 2*€ and those with the origin contained in the interior are denoted by
KZTe. We write F2t€, and FZ*€ for the set of smooth, strictly convex bodies in F2+€
and KZ*€ respectively. Moreover, B and S{+€) denote the unit ball and the unit
sphere of R?*€ respectively. Kdenotes the dilation of K whose (2 + €)-dimensional
Lebesgue measure, V (K), equals to that of the unit ball; V(K) = V(B) = k.

The support of the series functions of a convex body K is defined by

z h2(uy) : = r)rclez;E(Zx Uy, Vi, € SAFO,
ForkK € F2*€ and (v,,)k: 0K = S+ be the Gauss map which takes x on the
boundary of K to its unique outer unit normal vector, and let
(Vm)l_(l: S(1+6) - R2*€
be the Gauss parameterization of dK. In this case, we have

D ) = )t - @) )

We write g,V for the standard round metric and the corresponding Levi-Civita
connection of the unit sphere. The Gauss curvature of dK, Xy, and the curvature
function of 9K, fg" (as a functions on the unit sphere), are related to the support
functions of the convex body by.

K Ki o Vi)t det(g;;)

The function h,(("e)mf,?‘ is called the (K + €),.-curvature function of K.
For K € F2*¢ we define the scale invariant quantity

Rie(K) = max (O™ )/ min (1O A,

s@+e) S(1+e)
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We prove stability versions of the following theorem, which is due to a collective
work of Firey, Lutwak, Andrews, Brendle, Choi, and Daskalopoulos[12,19,2,4] :
Theorem.Let 0 > € > o,¢ # 2 + €. If K € FE*€ satisfies

hg O =1,
thenkK is the unit ball.
Question 1. Is there an increasing function f™ with lim,_, Y, f™(e) = 0 with the
following property? If K € FZ*¢satisfies R;,.(K) < 1+ &, then K is f™(¢)-close to
a ball in a suitable sense?
For € > 0 due to the (K + €);4.-Minkowski inequality and a refinement of Urysohn's
inequality from [23] we can obtain a global stability result in a very strong sense. The

relative asymmetry of two convex bodies K, K + € is defined as
AMK, K +¢€):= inf VKAQK + €) + x)) where A27€ = ACY
’ " xeRZte V(K) ' V(K +¢€)
And KA(K+€)=(K\ (K+¢€)U((K+e€)\K).
Theorem 1.1.Let € > 0. There exists a constant C independent of dimension with the

following property. Any K € FZ+€ satisfies

A(R,B) < C(2 + &2 (Ry e (K)ive — 1)’
The (K + €)(2+¢)-Minkowski inequality also allows us to prove the global stability
for 0 < e < 1 in the class of origin-symmetric bodies in the (K + €)?-distance. The
L?-distance of K, K + € is defined by
1 2
K+ =(——[ D - hp. o)

W3¢
Here o is the spherical Lebesgue measure on S+€) and w; is the surface area of the

i-dimensional ball.
Theorem 1.2. Let 0 < e <1 and K € F2*€ be origin-symmetric. There exists an
origin-centered ball B, withradius 1 < 1 + € < R,,.(K), such that
. N 1
85(K,Biie) < D)L — Ry (K) 712
Here the diameter of K, D(K), satisfies the inequality

D(R) <2 (1 + (%)) Ryse(K)

3

2+e€

For 1+ € € (—(2+¢€),0), we also establish a local stability result. The points e,
will be defined in Definition 2.1.

Theorem 1.3.Let 1+ €€ (—(2+¢€),0). There exist positive constants y,§,
depending only on (2 + €), (1 + €) with the following property. If K € FZ*¢ with
errc(K) =0 satisfies Y|k — 1|3 <& for some A>0, then &,(K,B) <
Y (Ri4e(K) = D).

Remark 1.4. For the case € = 0, some progress recently has been made on the
stability of the cone-volume measure by Boréczky and De in [7] based on the
logarithmic Minkowski inequality in the class of convex bodies with many
symmetries proved by Boéréczky and Kalantzopoulos in [6]. Although our proof of
Theorem 1.2 is independent of the existence of (K + €),.,.-Minkowski inequality for
0 < e < 1, it is worth pointing out that such an inequality exists in some particular
cases: 0 < e <1 and in the class of origin-symmetric convex bodies in the plane, or
in any dimension and in the class of origin-symmetric bodies for 0 < € < 1 where
€ > 0 is some constant depending on (2 + €); see [9,18,21,22].

ARA
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Let K € F&*€. The centro-affine curvature of K, Hy, is defined by

-1
Hi: = (RO

It is known that Hy (u,,) is (up to a constant) just a power of the volume of the origin-
centered ellipsoid touching K at (v,,)x(u,,) of second-order (osculating ellipsoid),
and thus is anS(K + €)(2 + €) covariant notion. In particular, one of the key
properties of the centro-affine curvature is that minHy and maxHy are invariant under

special linear transformation S(K + €)(2 + €). That is,
minH, = gl}g_relH{zK, rg}%HK = g}%H{)K, VeeS(K+e)(2+e€) (1.1)

51+€
A remarkable theorem of Pogorelov states that if the centro-affine curvature of a
smooth, strictly convex body is constant, then the body is an origin-centered ellipsoid,;
cf. [13, Thm. 10.5.1], [8,10,20]. We find a stability version of this statement, for
example, in the Banach-Mazur distance dg;,. For two convex bodies K,K + € is

defined by
degy(K,K+€)=minfA>1:(K—x) S (K +¢€)—y) € A(K —x),
LEGK +€e)(2+¢€),xy € R}
Question 2. Is there an increasing function f™ with lim._, Y. f™(¢) = 0 with the
following property? If K € F2*¢ satisfies
R-@ro(K) = —— H
thenK is f™(¢&)-close to an ellipsoid in the Banach-Mazur distance.
The following theorem gives a positive answer to this question in the plane under no
additional assumption.
Theorem 1.5. There exist y,§ > 0 with the following property. If K € FZsatisfies
R_,(K) <1+ 6, then we have
(dpa(K,B) = D* <y(R_(K) — 1)
If K has its Santal6 point at the origin, then
(dzac (K, B) = 1* <y (/R (K) — 1)
Moreover, if K is origin-symmetric, then
dgym (K, B) < \R_,(K)
In this case, we may allow § = oo.
In higher dimensions, we have the following 'local’ stability result.
Theorem 1.6.There exist positive numbers y, §, depending only on (2 + €) with the
following property. Suppose K € FZ*€ has its Santald point at the origin, and for
some ¥ € G(K + €)(2 + €) we have Y|y, — 1|3 < &. Then

1

dmre(K, B) < Y(R_prey (K) — 1)7670 4 1

max Hy

<1l+e¢

2. Background

A convex body K is said to be of class C2, if its boundary hypersurface is two-times
continuously differentiable and the support function is differentiable.

Let K, K + € be two convex bodies with the origin of R2*€ in their interiors. We put

(1+e)-K:=(1+e€)i+eK and (14 2¢):- (K +¢€):=(1+ 2¢)1+¢(K + e)where
€>0. For € >0, the (K + €);14¢-linear combination (1+¢€) - K+4,.(1+ 2¢) -
(K + €) is defined as the convex body whose support function is given by ((1 +

1
6)h§<1+e)m + (1 + 26)h1(<1::)m)1+e.

For K,K + € € K2%¢, the mixed (K + €)14.-volume V;, (K, K + €) is defined as the
first variation of the usual volume with respect to the (K + €);4-sum:

Y
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2+e VIK+ 11ee-(K+6)— V(K)

17 e —Viie(K,K+€) = 11m

Aleksandrov, Fenchel and Jessen for € =0 and Lutwak [19] for € > 0 have shown
that there exists a unique Borel measure S;,.(K,”) on S*¢ L, .-surface area
measure, such that

1
Vire( K +€) = 5—— f D RO S 4K, ).
Moreover, S;,.(K,) is absolutely continuous with respect to the surface area measure
of K, S(K,"), and has the Radon-Nikodym derivative
dSl+E(K ) Z h( e)m()
" dS(K,)

e)m

The measure dS;icx = h§<
theboundary of Kis C2, then

dSkis known as the L,,.-surface area measure. If

dSg 1
= -1 = fK '
do  Kygovg
For € > 0, the L,,.-Minkowski inequality states that for convex bodies K, K + € with
the origin in their interiors we have

1 (1+e)m 1+e 1re
—— f Z hFOmas, | (K) > V(K)zreV (K + €)zve,
with equality holds if and only if K and K + € are dilates (i.e. for some 1 > 0,K =
A(K + €); see [19]. For € = 0, the same inequality holds for all K, K + € € X?*€, and
equality holds if and only if K is homothetic to (K + €).
The polar body, K*, of K € KZ*€ is the convex body defined by

K*={y e R**€:x-y <1,Vx € K}

All geometric quantities associated with the polar body are furnished by . For x €int
K, let K*:= (K — x)*. The Santal6 point of K, denoted by s = s(K), is the unique
point in int K such that

V(K®S) < V(K*), VxE€intK
If K = —K,thens(K) = 0and K* = K*.
The Blaschke-Santal6 inequality states that
V(KS)V(K) < V(B)?
and equality holds if and only if K is an ellipsoid.
Definition 2.1. The (K + e)1+6-widths of K € K ™are defined as follows.

(1) Fore > 0: £14(K) = rl x€1nth h1+6

(2) For e = —1: £y(K) = —supxeintxf Y log hi  do.
B)For0 < e < 1:&4.(K) = Lsupxem [ h+Om g,
(4) Foro<e< (2 + 6) 81+E(K) _lnfxEthf Z h(1+€)m do.

Here w,.e = (2 + €)kpye = [ do
Here, e, denotes the unique point at which the corresponding sup or inf is attained.
The points e, . are always in the interior of the convex body; see e.g. [16, Lem. 3.1].
If K is origin-symmetric, then e, .(K) lies at the origin.
For € > 0 by the L, .-Minkowski inequality we have
E14e(K) = 1. (2.1)

For 0 < € < 2 + € by the Blaschke-Santal6 inequality,

Eo(K) =0, E&..(K)<1, (2.2)
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and equality holds when K is a ball. Moreover, for e < 1 we have

1
7 % _ (1+e) -(1+¢€)
Erre(R)Erve(B) =5 f th—eif:(md“ f hise eiodo (23)
1
(1+e)m —(14+e)m
= w2, f hi—e’ssey@0 f hiele ryeydo 2 1,
where we used the definition of e, .. in the last line. Therefore we obtain
E14e(K) =1, (2.4)

and the equality holds only for balls.

We conclude by remarking that £,,. enjoys the second Eojasiewicz-Simon gradient

inequality; see [25,26].

6. Stability of the width functionals

We show the stability of the inequalities (2.1) and (2.2)(e # —1) (see [27]).

Lemma 3.1.Suppose 1 + € € [—(2 + €),0). Let K € K?*ewith V(K) = V(B). Then
les+e(K) = s(K)I? < co(1 — €14 (K))D(K)'**

wherecy!: = (12:)(6) [ (U, - vp)?do(uyy,) = (;:Z?S) for any vector v,,, and D(K)
2+e€

denotes the diameter of K.
. __ ene(®)=s(K)
Proof. We may suppose e;,.(K) # s(K). Define v, = Tor ()51 and

e(t) = ep4e(K) +tvy, t €0, ]e11c(K) = s(K)].
Let us denote the support function of K — e(t) by h{"* and

.= 1 (1+e)m
E():= 5 — f z prom g
Note that E(0) = £;,.(K), E'(0) = 0 and the second derivative of E is given by

E"(t) = %] Z hge_l)m(um)(um : Um)de'(um).

Due to h{* < D(K) we obtain
1
DO erseK) = SUOF < o (= [ hE00da — &,,(K))

Woye

Now the claim follows from the BIaschke-S%ntalé inequality. We have the following
(see [27])
Theorem 3.2. The following statements hold.

(1) Lete > 0. If £E4.(K) <1+ &, then

AR, B)? <C@+e)° (1 + £)ive — 1)

Here C is a universal constant that does not depend on (2 + €).

(2) Let 1+e € (—(2+¢€),0). If £;,.(K) =1 — ¢, then there exists an origin-

centered ball of radius (1 + €), B; 4, such that

8,(K — e11e(K), Biye) < (2c,(D(R) + (1 + e))(3+5)£)% + (COD(IZ')l‘Es)%
Moreover, if K is origin-symmetric, then the last term on the right-hand-side can be
dropped and D(K) can be replaced by%D(I?). Here

2+¢€ 2+€}

1
1< (1+¢€) <(1—e)tre, c1:=max{(3+2€),—1+6

andc, is the constant from Lemma 3.1.
Proof.Casee > 0: Since £;,.(K) < 1 + ¢, we have

1 ave .,
w2+e.f Z h,?do‘ < Ere(K)1ve < (1 + g)1te
The refinement of Urysohn's inequality in [23] completes the proof.

Yo
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Case —(2+€) <1+ € <0: Assume V(K) = V(B). Denote the support function of
K—e .(K) by AT, and the support function of K —s(K)by h7*. Since
s(K), e1+<(K) are in the interior of K, both h7* and hT% . are positive functions.

Let us put

+ €

2
fr=hitOm g =1,(1+ )2 =—(2+€),(1+2€) = B+20“

=max{l + €1 + 2¢}
By [1, Thm. 2.2], we have

Z f h§1+e)md0'

1 2+€ Z2te
(f h(2+e)m dJ) Wy 1 e

2+€

<1_Z‘ _ ! .(3.1)

(2+e)m

(K+€)?
Due to our assumption,

f > rremydo > f D hL A0 2 01~ o). (3.2)
By the Blaschke-Santald inequality, we have

f Z (2+6)m (‘)2+e (33)

From (3.2),(3.3), it follows that
(1+e)m
1-¢e< Z [ s do (3.4)

—% 3+2€ ’
2+€
(f h(2+e)m d0'> Wy 1 e
1+€

(1-8)wyye < Z RtOmgs < Z ;da e W 3+2¢
24+€ = s = h§2+e)m 24€24€

Combining (3.1) and (3.4) we obtain
-1

(1+€)**: = wyye (f Zhgz’%md(y) , 1<(1+e)<(1- s)ﬁ. (3.6)
In view of (3.5) and (3.6) we have
Zm;" — (14 Ol < Crzre (DT + (1 + e)§)2 D(K)**e.  (3.7)
If K is origin-symmetric, then s(K) = e;,.(K) and the proof is complete. Moreover,
in this case we could have replaced D(K)by %D(K). Otherwise, to bound ) |hT%, —

(1 + €)l(k+e2, Note that by Lemma 3.1 we have
les+e(K) — s(K)I? < coD(K)*€e.

24e e|?
R (14 o

(K+€)?

< . D(K)**Ce, (3.5)

where

Therefore,
Z|h1+e 1+ E)I(K+e)2
< Z”lm — (1 +)|gre2 + w2+e|el+€(K) s(FOI

< (201w2+e(D(K) +(1+ 6))(3+6)5)2 + (Cow2+eD(K)1+E€)%-
Remark 3.3. The exponent 1/2 in (1) is sharp; cf. [11]. Moreover, using [24, Thm.
7.2.2] it is also possible to give a stability result of order 1/(3 + €) in (1) for the
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Hausdorff distance d; (K — cent(K), B); we leave out the details to the interested
reader. By cutting off opposite caps of height & of the unit ball, one can see that the
optimal order cannot be better than 1 in (2).
For proving Theorem 1.2, we only need the stability of the L, .-width functional for
1+ € =—1. In this case, we give a slightly better stability result along with a
diameter bound.
Theorem 3.4. Suppose K is an origin-symmetric convex body with

E_1(K)=1—¢ forsomee € (0,1).
Then there exists an origin-centered ball B;,. of radius 1 <1+ € < (1 — &)~ ! such
that

8;(K, Bise) < D(K)Ve

o) =1+ (2 )L,

Proof.Set ™ = hi'. We have

Moreover, we have

| odo 1 P 1
Z ) T =135 T 1
2 5 2

(f h2m da) W24 (f h2m da) Czte (K+e)?

By our assumption and the Blaschke-Santal6 inequality,

1
f Zh—me' = (1)2+E(1 f zhz—me' Woye
Therefore,

f imda
1—SSZ e , (1—£)w2+6_f Z—dd

1
J th_mda W5 1
Combining these inequalities we obtain
Z ™ — (1 4+ )2y < a3 D(R)2e

-1
where(1 + €)?: = w, 4 (f thm da) and1<1+e<(1-¢&)L
Next we estimate the diameter from above. Define

1
S ={vm € 51+f:z R (vm) < R3}
whereR: = maxh}’ = hg (u,,) for some vector u,, € S**¢. We may assume R > 1.
Then by the Blaschke-Santal6 inequality we have

(1—-8)wa4se fZ—da+J Z—da
5¢
< 3 ([ o) 5123

2+€

R3

< (a)2+6) |S|2 +
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Moreover, by convexity we have Y, hi'(v,) = X R|uyy, - vy | for all v, € S**€. Hence
if v, €S,then ) |u,, - v,| < R"g. Now using

%_ arccosx < 2x, Vx €[0,1]
we obtain

T

1 2 1+e€
§|S| < W14e , sin""€0do <

arccosR 3 R3

1
4 2\ 1
1—e< 1+((U1+5>2 Y
Wa+e R3
We give the proofs of the main theorems (see [27]).

Proof of Theorem 1.1.Suppose mo < h*©dS,/do < M. Therefore by the Ly,
Minkowski inequality,

2601+e

Therefore,

me f Zh;(1+e)md0_ Zf h(1+e)mhm(—e)dSK
1 Tte — T+e
2+ € y(Bysrev (K)ose S2+e V(B)TeV (K)zve
V(K)2+e
v,
V(B)2+e

=1 m(-€)
V(B) z+e 2+€f hy " ~dSk
< Z —7e <M
V(B) 24€
Hence £;4.(K) < R4 (K), and by Theorem 3.2 the proof is complete.

Proof of Theorem 1.2.Assume m, < h,’?(_e)dSK/da < M. Then by the (L)j4.-
Minkowski inequality for e > 0 we have

1 1 o
—— f Z—hm(zm) hrC9ds, > V(B)
K

Therefore,

2e+1

M 1 1
V(K j Z e 40 = VIOV (B). (3.8)
K

2+e€
Owing to (2.4) for e = 0 we have

1+€

RI+OM s > moV (K)zeeV (B)7e

and hence fore > —1,

1 1

V(K)z+e = myV (B)z+te. (3.9)
Since e_;(K) =0, in view of (3.8) we obtain £_;(K) = R,,.(K)~"1. The claim
follows from Theorem 3.4.
Remark 3.5. It is clear from the proofs of Theorem 1.1 and Theorem 1.2, that if K has
only a positive continuous curvature function, then the same conclusions hold.
Remark 3.6. Applying the Blaschke-Santal6 inequality to the left-hand side of (3.8),
we obtain

( ) 2€+1
V(K)\ 2+e

— <
(@) ="
This combined with (3.9) yields
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- V(K) 2+€ - M
my < 7 (B) <M.
Hence in the class of origin-symmetric bodies if V(K) = V(B), then for any € > —1
the (K + €),,.-curvature function attains the value 1 at some point; see also Question
3.
Proof of Theorem 1.3.Define &, ,.: F2*€ - (0, ) by

2+€

Evetd = ([ D mindo) ™ i+ o)

By the divergence theorem we have

) KO™(f hkremdoyive (2 + OVK)
Z(grad€1+6)(h,’?) =z « J V(KK)2 2 <f( +h‘;-err(1dz._h§< e)mflgn>

By [26, Sec. 3.13 (ii)] and [26, p. 80], there exist c,, § > 0, such that for any K with
2lhgt — 1|3 < 6, there holds

1 o
[E1e() = EveBIF < 2 ) |(grad €1, ) WD) o, -

Assuming m, < hS 9™ < M gives
2+ e)V(K)

- (1+e)m -
h do
.. . . . 2+€ f > " - 2
This in turn implies |81+E(K)1+e - 1| < c3(Ry4e(B) — 1), as well as

1+€
~ - 2\2+¢
Evve(®) 2 (1+ c3(Rare(B) - 1))
Due to Theorem 3.2, the proof is complete.
Proof of Theorem 1.5.Suppose m, < Hy < M. By [3, Lem. 10],

T
V(K) =2 —. 3.10
(K) NI (3.10)
In fact, the lemma states that if V(K) = m, then centro-affine curvature at some point
attains 1. Therefore, since V(y/m/V(K)K) = m, the function (V(K)/m)?Hj takes the

value 1 at some point. Hence using (3.10) and the Holder inequality we obtain

1 3
(f h}?f,z”H,ida)
V(K)V(K?®) = Z
VU2 2 3T hrerda
If the Santal6 point is at the origin, then we can obtain a slightly better lower bound
for the volume product. By [14], we have

D HieCatm)Hi- () = 1,
whereu,,, and u;, are related by Y(vi'(um), vt (up)) = 1. Since KS = K*, this
yields

my

m
> mgV (K)? = n? ﬁo

1 1
MSHKSSm—O, V(KS)ZTT1/m0.

Therefore, V(K)V(K®) > n? \/% Now in both cases, the result follows from [15].
The third claim is exactly [15, Cor. 4].

ARR!
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Question 3. Given the previous argument, we would like to raise a question. Suppose
K € F§*€,e =0, and V(K) = V(B). Is it true that the centro-affine curvature of K
attains the value 1 at some point?
Proof of Theorem 1.6. Forall £ € G(K + €)(2 + €), we have

S({’K) :‘ES(K) :0, dBM({’K,B)=dBM(K,B)
Thus we may assume without loss of generality that

Zw s <6

for some 6 > 0 to be determined.
Define the functional P: F¢*€ - (0, ) by

P +6) = PP, = !

V(K +e)V((K +¢€)*)

We have
V(K
D ad PR = 3P0 |~ = VKO
K (3.11)
CNCVEDPEEK) (VK) 1
- Z h1(<1+6)m <V(K*) - H_K>

By [26, Sec. 3.13 (ii)], there exist §,c, > 0and a € (0,1/2], such that for any K with
Ylhgt — 1|3 < 6, we have
1 1 1-a
TRV e < D l@rad YWDl gaey:  (312)
By [26, p. 80] and [17, Lem. 4.1, 4.2] we can choose a = 1/2.
We estimate the right- hand side of (3.12). Note that my < Hx < M implies that

_V® z [ hgfede 1
J

M~ V(K ) hg'fg Hgdo — mg
Therefore we obtain
V(K V(K 1 M—-m
L re 1 1l 2 (3.13)
M T V(K ~ m, V(K*) Hyg Mm,

On the other hand, by (3.13) and the Blaschke-Santalé inequality,
V(K*)? < MV(B)2. (3.14)
Putting (3.11),(3.12),(3. 13) and (3.14) all together we arrive at

. fPZ(K)|hI;m(1+E)

Since we are in a small neighborhood of the unit ball, the term
?2 (K) |h—m(1+€)

Z K (K+€)?
V(K*)

is bounded. Using again the Blaschke-Santal6 inequality we obtain
2 V(K)V(K™)
1—cy(Roro(K) — 1) < VB
In view of [5, Thm. 1.1], the proof is complete.

(K+€)?
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